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Resumo

Neste artigo provamos a existéncia local, unicidade, continuidade relativamente a
condigdes iniciais, continuagdo e regularidade de solugdes para o problema da onda
fortemente amortecida s + nA%ut + Au = f(u,us),n > 0,0onde A: D(A)C X = X
é um operador auto-adjunto e positivo em um espaco de Hilbert X e f é uma nao-
linearidade com crescimento critico. Isto é feito para condigdes iniciais no espago
X% x X. No caso particular em que A é o Laplaciano com condigéo de fronteira de
Dirichlet, nés também provamos a existéncia de atratores globais compactos quando
as nao-linearidades tem crescimento subcritico. A existéncia de atratores para nao-
linearidades com crescimento critico permanece um problema aberto.
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Abstract

In this paper we prove local well posedness and regularity of solutions for the
strongly damped wave equations uy +77A%ut +Au = f(u,ut),n > 0, where A: D(A) C
X — X is a self adjoint and positive operator in the Hilbert space X and fisa critically
growing nonlinearity. This is done for initial conditions in the space X ? x X and for
maps f growing critically. In the particular case when A is the Dirichlet Laplacian we
also prove the existence of global attractors for subcritical nonlinearities. The existence
of attractors for critically growing nonlinearities remains an open problem.

1 Introduction

Consider the strongly damped wave equation

N

u +1(—A)2u + (—A)u = flu,u), t >0, z€Q, n>0, (1)

on a C2-smooth bounded domain Q € R", n > 3 with Dirichlet initial-boundary conditions
w(0,z) = uo(z), w(0,z) = vy(z), z € Q, )
u(t,z) =0, t >0, z € OQ.

Assuming that f : R* — R is a locally Lipschitz function we wish to prove a local well
posedness result for (1)-(2) with initial conditions (ug,v) € HE(Q) x L*(§2). Of course we
will need to impose restrictions on the growth of f and our aim is to obtain this result for
the fastest growth possible of f.
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Assuming a dissipativeness condition on the vector field. f, in addition to growth restric-
tions, we wish to obtain the existence of a global attractor.

To better describe the results in this paper we introduce some terminology. It is well
known A = (—A) acting in a Hilbert space X = X0 = L*(Q2), where D(A) = H*(Q)NH}Q),
is a positive definite, self-adjoint operator generating an analytic semigroup on X9. Therefore

A2 is also positive definite, self-adjoint operator (cf. [10, §1.4]) and (1) may be viewed as an
abstract second order ordinary differential equation in the Hilbert space Y = Y0 = X3 x X0

i+ nAZu 4+ Au= F(u,4), t >0, (3)

which take us back to the considerations reported in a sequence of papers [6, 7).
Let us convert (1)-(2) into an ODE form in Y?:

el fhonl-B

where A and F will be written in a matrix form
0 -I 0
et fl =[]

We shall consider A : D(A) C Y? - YO with D(A) =Y! = X! x X3,

The existence of the strong damping term Az widely influence the properties of .4 and
makes (4) to behave somehow like a parabolic system. By the results of Section 2, (4) falls
into a class of sectorial problems. Also, the resolvent of A is compact. The solutions are
thus getting smoother for ¢ > 0 and we know in advance that the corresponding semigroup
of global solutions - if it exists - is compact. This enables us to apply the results in [3, 4] to
obtain a local well posedness results for fast growing nonlinearities. This also makes clear
that, for (1), some weak dissipativeness condition on f will irnf)ly the strong conclusion
concerning the existence of a compact global attractor.

An important question in the studies of (1) is the choice of the space in which the
corresponding flow will act. If we look at this question from a point of view of the existence
of a compact global attractor it will seem natural to consider (1) in a smaller space which
ensures that bounded sets will be attracted in a possibly strong topology. However, one
is also tempted to find the solutions in a possibly large space and then take advantage of
smoothing properties of the solutions to obtain the convergence of bounded sets from the
larger space to the attractor in a stronger topology.

The latter will influence the approach to the problem (1). If we agree that the natural
space in which solvability of (1) should be established is Y, then looking at (1) in a standard
way - as on a problem (4) in Y? with a nonlinear term F acting from Y into Yon— we will be
in trouble to consider nonlinearities that grow with respect to u faster than u7=2. Needless
to say that in the case of n = 3 this gives the admissible growth 3, whereas one would like to
have this number close to 5. Of course, one may solve (1) with F acting between Y* and Y
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with o close to 1 avoiding this way in space dimension n = 3 any trouble with the growth

restriction. However, such approach limits the set of admissible initial data to Y'* which is
an unwanted restriction.

The main results proved in this paper concerning local well posedness and asymptotic
behavior for (1) are the following

Theorem 1 Assume that n > 3 and that f iR = R s a locally Lipschitz continuous
function satisfying

[f(w) = F()] < clu— /(L + [l + /|27, (6)

u
where p; = %’g Then, to each [ 0
Yo

J =X:xX corresponds a unique e-regular solution of
(18).

Theorem 2 Assume that (6) is satisfied for p; < nz—_"2 and that

lim M

[s|>+c0 S

<. (7)
Then,

(1) For any a € [232,1) there is a compact C°-semigroup {T(t) e L(X™* x X%);t > 0}
of global solutions to (1) which possesses a global attractor A, in this space,

(11) Aq = A2 = A, a € [%I_—g,l), and A attracts bounded subsets of X7 x X under

n+2

{T(t)} in X4 x X% -norm.

In fact we prove a stronger result on local existence, namely Theorem 4. As for Theorem
2 on existence of a global attractor, the version presented here is the exact version proved
in Section 4. We strongly believe that there is an attractor for (1) when p; = ;‘—fg but our
attempts to prove it have rendered unsuccessful.

In Section 2 we introduce the functional analytic framework for working with problem
(1), prove properties of the operator A, describe its fractional power spaces and obtain
embedding results for these spaces. In Section 3 we introduce the concepts of e—regular
solutions, e—regular maps, obtain (with the aid of the results in [3, 4]) a result on local
well posedness for the initial value problem for (1) with critical nonlinearity f and prove
regularity results for these solutions. In Section 4 we impose the dissipativeness condition
(7) on the nonlinearity to obtain a compact global existence result for solutions of (1) as
well as the existence of a global attractor (Theorem 2). Finally, in the Appendix (Section 5)
we consider some extensions on local existence to be able to deal with systems and present
the abstract results employed to obtain the existence of a compact global attractor.
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2 Technicalities

2.1 Basic properties of A

The tools collected below will be essentially used in the main body of the paper. Our concern
here is thus to have all these tools carefully addressed.

We also remark that the considerations of the present section only in the paragraph §2.4
make use of a fact that A is a negative Laplacian in L2(Q) with D(A) = H*(Q) x H}(Q). All
other results are based on the assumptions that A is a positive definite, self-adjoint operator
in a Hilbert space X°.

Proposition 1 A fulfills the following conditions:

(i) A is closed,

(i) A is mazimal accretive or, equwvalently, —A is mazimal dissipative,
(1) 0 € p(A),

(i) A has compact resolvent.

(v) A* = [ OA fli} is the adjoint of A and D(A*) = D(A) =Y.

Proof: Note that (i) is immediate from the closeness of A and Az. For (ii) we first note
that

(A [1':] ) [ﬂ)}’“ = ([Au —{—_:;A%v} ) [ﬂ)yo = _<A%UaA%u>X + (Au + UA%U,U)X

= —(v, Au)x + (v, Au) 5 + n(A%v,Aiv)X.
Therefore,

Re(a [2] [y = atatv, atux 20

() v

which proves accretivity of .A. To complete part (ii) it suffices to note that the equation
U u
reaf]-f
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U . :
possesses for each [WJ € Yy a unique solution

[u] _ [ (I+ 1Az + A) (T + nA3T + 7) e
v] LI +nAZ + A) Y@+ nAta+7) — g ‘

Part (iii) is an immediate consequence of the form of the inverse operator

..1= T]A_% A_l
o ped 4

Part (iv) follows from (iii) and compactness of the Sobolev inclusions between X© spaces.
Finally, to prove part (v) note first that by density of the embedding Y! C YO the adjoint

operator 4* exists and, since
u| (@ _lu 0 I ('E u| |4
W B [ ] ] e
A* m - [ 0 J m for || €Y' c D(AY).

we obtain that
Y HAE

v
By (i) and (iii) we next have that 0 € p(A*) = p(A) (cf. [14, p. 225]). In particular A* is
thus invertible. Since also

t

[-—A 7714%} takes Y onto Y,

the domain of D(.A*) cannot have more elements than Y has. This completes the proof.
A particular consequence of the properties of .4 proved in Proposition 1 is that

Corollary 1 —A is generator of a C%-semigroup of contractions {e=*} on Y°. Further-
more, the imaginary powers of A are bounded and

”Aitllc(yo’ym) S elzr'ltl, t E R (8)

Proof: The proof follows from the Lumer-Phillips theorem (cf. [12, p. 14]) and from the
observation concerning powers of positive operators reported in [2, p. 164] (cf. [11, p. 247]).
|

As shown in [2, p. 177] condition (8) implies in general the uniform boundedness of

(L + [ADII(A = A) 7| g(vo,vo) in each {F + 6 < |arg(N)| < 7}, 6 € (0, %)- Result of [6] proves
in fact that for A defined in (5) more is true, that is, there is a constant C > 0 such that

AN = A) T legroyey < C )

on the whole half plane {Re()\) < 0}. Combining this result with Proposition 1 and Corol-
lary 1 we obtain that



Proposition 2 A is a sectorial, positive operator in Y. . The semigroup of contractions
{e=A) is analytic and compact in Y*, o €0,1), fort > 0. Furthermore,

Y*=[Y" Y, a€(0,1), (10)

where [, -]o denotes a complez interpolation space (cf. [18, §1.9.2]).

Remark 1 Since A is sectorial and has bounded imaginary powers, the same is true for A*
(cf. [2, p. 13, p. 273]). Therefore, (10) holds for the power of A* as well. In particular,

Y* = D((4")%), a €[0,1].

2.2 Description of Y%spaces

It is always important to know the characterization of the domains of fractional powers of A.
Since we deal here with the product spaces, let us start from the following simple observation.

Proposition 3 Let X;, );, i = 1,2 be the Banach spaces such that
X1 C A, 1 C Wy, (11)
topologically and algebraically. Then,

[Xo x Vo, X1 x Vile = [Xo, Auls x Vo, M1ls, 6 € (0,1). (12)

Proof: The proof is an immediate consequence of the definition of complex interpolation
spaces in [13, §1.9.2]). ]

Based on Proposition 3 it is now easy to get characterizations of the fractional power
spaces Y*, a € (0, 1), without referring to the general considerations of [7].

Proposition 4 For a € (0,1) we have:

NI
IR

Y* = D(A*) = D((A")*) = X7+ x X%, (13)

Proof: Recall that Y1 = X! x X2, Y% = X7 x X. Connecting (10) and (12) we thus obtain
that . .
Y= (X2, X", x [X,X?]a a@c(0,1).

Since by our assumptions on A we have the equalities:
[X%’Xl]a — X%(l—-(x)*l-a’ [X,X%]a — X%,

the proof is complete (cf. Remark 1). ]



2.3 Extrapolated fractional power scale

Based on [2, Chapter V] we shall describe here the extrapolated fractional power scale of
order 1 corresponding to a pair ( Y0.A4).

Lemma 1 Let Y_; denotes the eztrapolation space of YO generated by A. The following
equality holds:

Y.,=XxX"1. (14)

Proof: Recall first that Y_; is the completion of the normed space (YO, ||A~L - ||yo). Since

-1 |u U Jit a1 1t U
L W) N T o

the completions of (Y, ||.A71:||y0) and (Y, Ill 4 . x-4 ) coincide. Recalling that Y0 = X#x X,
we obtain (14). The proof is complete. |

Lemma 2 Let A_; be the closure of A in Y_y. Then, A_; is sectorial and positive operator
in Y_; with D(A_,) =Y. Purthermore, the imaginary powers of A_; are bounded and the
resolvent of A_; is compact.

Proof: By (2, p. 262] we know that p(A_;) = p(.A) whereas the suitable estimate for
IAl(A = A1) "Ylzevoyv-y) is a consequence of the estimate for the resolvent of A in Y?.
Indeed, since Y is dense in Y, A_, is a continuous extension of A onto Y such that A_,
is an isometric isomorphism from Y onto Y_;. In particular, A_; = A on D(A) as well as
(A—A_1)™ = (A~ A)"" on Y. Therefore, by sectoriality of .4 in Y (cf. formula (9)) we
obtain the estimate |

IO = A [2] e = A7 = A [
= P = 277 (2]t < 0047 [ on = O o [2] €72

which can be extended next to the elements of Y_; based on density of Y in Y_;. This
justifies sectoriality of A_; in Y_;.

The remaining assertions are the direct consequences of the results reported in (2, p. 266,
p. 264]. The proof is complete. |

Theorem 3 The following characterization holds:

yrre = X5t x X", a€[0,1],n €N, (15)



Proof: By Lemma 2 the usual interpolation arguments may be used so that for n — 1,2,...
we get
YO = Y3, Y0 o = Y27, Y7e = [XF x X7, X8 x X3,
=[X5, X, x [X* T, X 3], = X3 x x5
For n = 0 instead of the standard arguments above we also need the properties of the Hilbert
scale [X*, a € R] (cf. [2, p. 274]) as well as the duality theory for the complex interpolation
method (cf. [13, Theorem 1.11.3]). Identifying X with its dual X* we then have:
S =Y, Yia =Y, Y,
= [X x X7%, X7 x X], = [X, X?]o x [X~}, X].
= X% x [((X*)2)", X*la = X T x [X}, X]% = X¥ x [X, X3]:

l-a
1

= X% x (X)) = X% x X
The proof is complete. [ |

Remark 2 Following the terminology of [2],
(X% x X5, A4,_1), 0 €[0,+00)]

is a compactly injected one-sided fractional power scale generated by (Y_1,A_1). Simultane-
ously
o+1 a
(X% x X%, 4,), 0 €[~1,+00)]

is the extrapolated fractional power scale of first order generated by (Y0, A).

2.4 Embedding of spaces Y";*

Using Theorem 3 it is easy to write the inclusions for Y* in the case when the scale
[(X*, Aa),a € R] is specified. Here we use the scale generated by (L*(Q2),(—Ap)) focusing
on the inclusions that we will need later in the considerations of equation (1).

Lemma 3 Let [(X*, Aa),a € R] be generated by (L*(R), (—=Ap)). Then the following em-
bedding hold:

Yite c H'*(Q) x H*(Q) C L7 (Q) x L©(Q) (16)
for 1<q1 < =325, 1< < 222, a€[0,%2), n>3,
(17)

{X“ x L1(9) C Yo

fOT' n+§i20 S q, & = [03 1]



Proof: The proof of (16) follows from the interpolation. result for the spaces of Bessel
potentials (cf. [13, Theorem 2, §4.3.1]) and Sobolev Embedding Theorem (cf. [13, Theorem
4.6.1]). Condition (17) is a consequence of the duality argument and the inclusions

a—1% l1—o n
X7 =X7 CH"™Q)CLP(Q) for 1<p< — =
c (©2) € L7(Q) for SPS o @ €[0,1],
where X was identified with its dual X*. The proof is complete. |

3 Solvability of (1) in Y7

Following the results of Section 2 we are going to study (1) as a sectorial problem (18) in a

Hilbert space Y_;,
d |u ul U u _|uo
o]+l A e ] =] )

and look for the solutions to (18) originating at the elements of Y.

For this we need first recall the notions of the e-regular map and e-regular solutions to
(18) (cf. [3], [4]).
3.1 e-regular maps and e-regular solutions

Let P be a sectorial, positive operator acting in a Banach space Z = Z° and ¢ be a nonneg-
ative number.

Definition 1 G : D(G) — Z is said to be an e-regular map relatively to (2%, 2°) (or,
equivalently, G is said to belong to a subclass F(e,p,v(€),C) of nonlinearities acting in Z%)
if and only if there are constants p > 1, v¥(e) >0, C > 0 such that

° pe <q(e) <1,
o G takes Z'*¢ into Z7(e)
o G fulfills the estimate

|G (21) — G(22)]| 7+

_ _ (19)
< Cllz1 — 2z z1+e( zl”%l-}-e + ]|Zz||%1ie +1), 21,2, € Z'*.
Consider next an abstract Cauchy problem in Z9:
z+Pz=G(z), t >0, 2(0) = z. (20)



Definition 2 Let 7 > 0, 2, € Z!, and z = z(,20) : [0,7] = Z'. We say that z is an
e-regular solution to (20), € > 0 if and only if

e z€ C([0,7],Z2')n C((0,7], Z1*e),

® 2 satisfies the Cauchy integral formula:
t
z(t) = e Ptz +/ e PG (2(s))ds, z € [0, 7).
0

The existence of an e-regular solutions was proved in [3]. The result below comes from
[4] and is an extension of the original theorem reported in [3].

Proposition 5 Let 2y € Z' and B, (Zo,7) denote a ball in Z* with radius r > 0 centered
at EO .

Assume that G = ZLI G; and, for 1 <1 < k, F; belongs to the class Fei, piyvi(ei), Ci)
with certain €; > 0. Suppose also that

min{y(e;); 1 <i<n}=17>max{e; 1<i<n}=ec

Then, there are r > 0 and 79 > 0 such that for each zy € B (Zo,7) there exists a unique
e-regular solution z = z(, 2) to (20). In addition,

(i) t°)|2(¢, 20) || z1+0 — 0 ast = 0%, 0 < 6 < v,

(ZZ) tOHZ(t,Zl) - Z(t,22)||z1+8 S O’“Zl = 22|lzl, t e [0,7’0], 0 S 0 S 00 <7, 21,22 €
le(zo,’f‘),

(ii) z € C((0,70), Z"*7) N CY((0,7y), Z1*), 0 < 6 < 7, and, in particular, z satisfies
both relations in (20).

We are now fully prepared to prove solvability of (18) in Y.

3.2 Critical exponents for (1)
Let f in (1) be such that
flu,v) = fi(u) + folw), fi R >R, i=1,2 (21)
We shall require of f;, i=1,2, to fulfill the estimate:
|fi(s1) = fils2)| < clsi = sof(|so] ™ + |52/ + 1), 81,5, €R. (22)

Of course, condition (22) is much stronger than the assumption of local Lipschitz continuity
of f.
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Lemma 4 Let (22) holds with p1,p2 € R restricted by the conditions

n+ 2 n+2
1<P1§n_2=1P1(n), 1<ps <

=: pa(n). (23)

Then, for i =1,2, and each ¢ € [0, pi), there is certain v;(€) > p;e such that:

| fi(wy) — fi(wZ)IILWT(Q)
S ellws — wallmreoy (lwnll i gy + llwallfiie e + 1), w1, we € HY*(Q).

Furthermore, if p; = p;(n), then (necessarily)

%(€) = pie, € € [0, %)» (24)

Proof: Because of the similarity of calculations we shall focus below on the case ¢ = 1.
Using (22), Holder inequality and Sobolev embedding we obtain:

[l f1(w1) — fl(wz)”Lﬁm(n)

w p1—1 B + ||w ,1—1 _ +1
W ety o) VIV ey, 4

< lwy - w2”H1+‘(Q)(”w1”21—4}e(9) + ”w2”§}1_+1e(9) +1).

< Allwn —wall a1

The above calculations are valid as long as
n+2—2(e)
< .
G
Also, the value p;(n) is attained for y;(¢) = pye. The lemma is proved. [ |

For i = 1,2 denote

wootmera =t A- o)

where F; is an abstract counterpart of a continuous function f; : R — R.

Lemma 5 Suppose that (22) and (23) are satisfied. Then, Fi, 1=1,2, is an e-regular map
relatively to (Y, Y1) for each ¢ € |0, pi)

Proof: From Lemmas 3 and 4 we have:
Uy Uz
17|22y - A 2y < o) - IR,
- -1
< Clwr = wall eeqey ([lunll iz + lluzl i o) + 1)
U1 Ua U1 —1 Uz -1 Uy U2 1+€
<0 1] = [ee ot 2 st 0[] st 2] ] v
Calculations concerning term F, are similar. Lemma 5 is thus proved. i
The following existence result is now a direct consequence of Lemma 5 and Proposition 5.
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Theorem 4 Let the assumptions of Lemma 5 be satisfied, ¢ € (0,min{L, 1} and F =

P’ pz

F1+ F2. Then, to each {ZO} € Y corresponds a unique e-regular solution of (18).
0

Remark 3 Additional smoothing properties of the e-reqular solution to (18) may be easily
deduced from conditions (i)-(iii) of Proposition 5. It should be also noted that if p1 = p1(n),
p2 = p2(n), then (24) holds. Therefore, for these values of exponents nonlinear terms F;,
it = 1,2, and hence also F are critical maps relatively to (Y°,Y_;). Roughly speaking this is
the case when the nonlinear term F has the same order of magnitude as the linear operator
in the main part of equation.

3.3 Smoothing action of e-regular solutions
Let f in (21) be such that

n+ 2
n—=92

flu,v) = fi(u) = Bu, b>0, 1 < py < (25)

Lemma 6 For o € [2—;3,1), the map F corresponding to (25) takes Y into Y and is

Lipschitz continuous on bounded subsets of Y.

Proof: Description of Y* spaces has been given in Proposition 4. The proof follows by
standard calculations based on the Holder inequality and Sobolev embedding. ]

The above lemma and the general results of [10] imply:

Lemma 7 For a € [%,1) and [ZLO] € Y there ezists a unique Y *-solution to (4) de-
0

fined on a mazimal interval of existence [0, Ty, ). That is, there ezists a unique function

u(‘vu())/UO) " B hats
L’(-,uo,w)] € C([0, Tugw), Y'*) such that.

o u(t, o, vo) - "

() [Z(_"“O’”O)] € CY((0, Tupo), Y#), B €[0,1),

( ,uo,vo)

(iii) both relations in (4) are satisfied.

Theorem 5 Under the assumption (25) the c-regular solutions from Theorem 4 fulfill the
conditions (i)-(111) of Lemma 7.

12



. u - u(-, ug, v
Proof: Take [v] and choose € > 0 such that 1 > v(e) > n—+§ Let [v((-,ug,vgg] be e-regular

solution obtained in Theorem 4.
Since Y17 = Y1) ¢ Y5 we find from Proposition 5 (iii) that

u(s, ug, vo) n=2
[U(s,uo,vo)} € Y=+ for each s € (0,7).

1}(" u(s’ U, vO))

According to Lemma 7 there exists Y *¥2-solution [
Y 'U(S, U, UO))

J to (4). This proves that

v(t + s, ug,vp)

u(t + s, ug, vo) _ a(t,u(s, up,vp)) tel
,D' )
and consequently,

u(t’uO;vO) 1 U(',UO,U()) 1 8
[”(t,uo,UO)] €Y 1€ (5 o), [v(',uo,vo) € C (8 Tuom ), YP), B €[0,1).

Since s > 0 could be arbitrarily small, the proof is complete. |

4 Global solutions to (4) and asymptotics

In this section we consider the map f as in (25) restricting however to the subcritical case
n+2

p1 < n—-2"
Lemma 8 Let (25) holds and p; < 242 Then, for any bounded set B C Y° there is a
u(+, ug, o)

rom Theorem J originating at
’U(',UO,'UO)] f 4 g g

time Tp > 0 such that the e-reqular solutions [

[:0] € B exists and are bounded in Y* for arbitrary 8y < v(e), where v(e) > max{z—;g, pi€}.
0

In particular, the set

{[u(t,uo,vo)] | I:UO] € B)

v(t, ug, vo) Vo
18 precompact in == for each t € (0,7p).

Proof: The proof is a direct consequence of Proposition 5 (ii). We remark that, for y(¢) > p1e
a number 7 in Proposition 5 can be chosen arbitrarily large so that the time of the existence

of e-regular solutions is uniform on bounded sets of Y (cf. [3, Corollary 1]). ]
Remark 4 We mention for completeness that one may choose in Lemma 8 e.g. () = e2£2

n__—z)z

with certain € > (n -
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In the considerations below, devoted to the existence of the global attractor to (4) in
a subcritical case, we shall follow the general abstract scheme developed in (8, 5]. For
convenience we recall this scheme in the closing Section 5.2.

Theorem 6 Let the assumption of Lemma 8 hold and, in addition, f, satisfies the dissipative
condition (7). Then,

(i) For any a € [:’L—;g,l) there ezists corresponding to (4) a compact C?-semigroup
{T(t)} of global Y*-solutions to (4) which possesses a compact global attractor A, in
Ye,

(”) Aa = A%: A! ae [%’ );

. 0 o Ug _ u(t, ’LLO,'U()) U(',UO,U()) .
(i) T(t) : Y° - Y*, ¢ >0, where T(t) [vo] = [’u(t, Uo,vO)J’ [v(-,uo,vo) being an
e-regular solution from Theorem /, are well defined maps which are the extensions of

T(t) t>0)toY?,
(iv) A attracts bounded subset of Y° under {T'(t)} in Y*-norm.

Proof: The proof of (i) occurs in four steps.

Ug

Step 1. (Y'-estimate and the Lyapunov function) Take [v ] € Y“ and consider the cor-

0
U(t, U, UO)
v(t, ug, vo)
work with the starting equation (1). Multiplying thus (1) by v = us in L?(Q) and using the
properties of the negative Laplacian with Dirichlet boundary conditions we obtain that

d, 1 1 “ 1 ‘
7 GllellZee) + S VulZegq) - /Q/O f1(s)ds) = —nl|A%u|| 12 () — Blluel[32q) < 0.

This ensures in particular that

responding Y *-solution [ J . Lemma 7 ensures that we have enough regularity to

u(t,uo,vo) / Ug Ug
I [U(t,uo,vo)J lyo < c+ 'L ['Uo}) < (] L}OJ llyo), (26)
where c, ¢ do not depend on 7, £,
w 1 1 "
C([wj) = §Hw2||%2(9) T EHVU’lHZLZ(m _/Q 0 fi(s)ds, wi,wy € Y?, (27)

and C': R* — R* is a locally bounded function independent of n, B.

Step 2. (subordination of the nonlinearity to a power of A) Since 1 < p; < %, then based

on the Nirenberg-Gagliardo type inequality we obtain that

1£2(u(t, wo, vo))ll 2y < g(llult, o, vo)ll 2 @) (1 + [u(t, o, vo) | hvses ) (28)
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t € (0, Tug,u), With certain 6; € [0,1), oy € [0,1) and some nondecreasing function g : R+ —
R* (cf. [1]). Next, based on (28), we get the relation:

17 [u(t, g, vg)

olt, UO,'UO)J)”YO < Hfl(u(t,ug,vo))HLZ(Q) + Bllv(t, uo, vo) || 2
< (s oo )] ) 4 gy o] i) (1+1 el ).

Step 3. (global solvability and compactness) Conditions (26) and (29) plus the compactness
of the resolvent of .4 (cf. Proposition 1) ensures that to (4) corresponds a compact C°-
semigroup {T'(t)} of global Y*-solutions having bounded orbits of bounded sets. For the
proof of the existence of the global attractor for {T(t)} in Y* it now suffices to show that

(29)

the estimate (26) is asymptotically independent of [ZO E X,
0

Step 4. (point dissipativeness of {T'(t)} - the role of the Lyapunov function). Functional £
defined in (27) is a Lyapunov function for {T(¢)} in Y. Therefore, w-limit sets of points
from Y lie within the set £ of all stationary solutions to (4). Our concern now is to prove
that £ is bounded in Y.

a

Let [6] € £. Then 9 = 0, whereas @ is an H?(Q2)-solution of the elliptic problem

(30)

—A'Il = fl(ﬂ); T E Q,
4 = 0 on Of.

With the use of (7) it is easy to show that if @ solves (30), then ||l gr o) < ¢ where
d' = c"(Q, f1) > 0 is independent of . Consequently, we have

I

. U a
Since each w-limit set w( ['ZOJ ), lies in &, is compact and attracts [UO] € Y under {T'(¢)}
0 0

S &

} [lyo < ", [g} €& (31)

in Y*-norm, condition (31) ensures in particular that

. u(t, U, Uo):l " [UO] a
1 0 < ", eve 32)
lfril-f;lcp” !:U(t)u())vo) ”Y - Vo (

Therefore, the estimate (26) is asymptotically independent of initial data from Y® which
completes the proof of the assertion (i).

Part (ii) is a consequence of the smoothing action of {T'(¢)}. Part (iii) follows from
Theorem 5. Finally, part (iv) results from Lemma 8. Theorem 6 is thus proved. |

15



9 Appendix

5.1 Further comments on local existence

Using the original results of [3, 4] concerning the existence of e-regular solutions (cf. Sec-
tion 3.1), one cannot take advantage of working with coordinates. In this section we consider
an extension of these results to include systems with different e—regular properties in each
coordinate.

More specifically we consider problems of the form (18) where A_; is the sectorial operator
previously defined in Y_; = X x X~7 with domain Y? = Y}, = X% x X. Then, as shown in
Theorem 3, Y% = X% x X'az;l, 0<a<.

Assume that there are constants €hsEF EFy, Phy Py PRy Yhy YRy, YR, Such that the function

F [Z‘J) - [ F’Eff‘z, )J satisfies

() = Al < enllw =o'l sse, (14 Il + 117 )

and

! 11 ! 11
|| F(u, v) - F(U’,v)llxva -1 Scpllu—u I cter, (1+ IIUHZ’:&;EL + [Ju Il;’:i;ﬂ) )

i + IV

! /
1F (2, v) = Fw,0')|| 6,1 < cyllv — o] i (Ll e, )

X~

Under these conditions we have the following extension of the results in 3, 4]

Proposition 6 Let 7, € Y? and By (Yo,7) denote a ball in YO with radius r > 0 centered
at Y,. Suppose also that

min{yp,Vr; 1 =1,2} = v > max{en,ep; i = 1,2} =&,

Then, there are v > 0 and 7y > 0 such that for each Yo € Byo(Yy,7) there exists a unique
e-regular solution y = y(-,y) to (18). In addition,

(Z) t{)”y(t’yO)”Y}f” —0ast— O+, IR QR e

() Clly(t31) = y(t v2)llyrye < C'llya — wallvo, ¢ € [0,70], for 0 < 6 < 8y <, y1,9 €
BYO (yO)r))
(i) y € C((0,m), Y1) n CH(0, 7], Y1), 8 < v, and, in particular, y satisfies both

relations in (18).
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The hypothesis on the map F' allow us to consider maps that may not be decomposed
into a sum of maps each of them depending only on one coordinate.

The proof of the above result follows step by step the proof of a similar result contained
in [3, 4. We must only be careful to see that when we need an estimate on the norm of
F(u,v) we must decompose it into F = F1 + F, where Fy(u,v) = F(u,0) and Fy(u, ) =
F(u,v) — F(u,0). Also note that, from (33), we have

-1
I Mt < U0 o el s (04 ol ) < o0+ ey ),

v, -1 < o]

1B, s = 1 () = P, 0)]

PFz—l ng
x5 (0 P2 < oL+ i),

On the other hand, when we wish to estimate F(u,v) — F(u, v') we must decompose it into
the sum

F(u,v) — F(u',v') = [F(u,v) — F(u',v)] + [F(«,v) — F(«/,)]
and use the assumption (33). :
In the application to the strongly damped wave equation (1) we observe that the map F

is given by 0
)= re )

where F'(u,v) is the Nemitskii map originated from a function f:R? 5 R. Assume that
the function f : R? — R satisfies

|f(u,v) — f(u',0")] < clu —u'|(1+ Julr~t + [u'|P*71) + clv — V(1T + |v]P2~ + [v'[72~1) (34)

with 1 < p; <22 apd 1 < p, < 242 Then the condition (33) is satisfied and we have that
Proposition 6 can be applied to obtain local well posedness of (1).

This generalizes Theorem 4 to a larger class of nonlinearities f : R2 — R. This class is
now described by the conditions (34) and (23) instead of previously used restrictions (21),
(22), and (23).

9.2 Abstract result for the existence of a compact global attractor

Consider the Cauchy problem (20) assuming that Z = Z9 is a Banach space, P: D(P) = Z
sectorial and positive operator in Z and, for some a € [0,1), G : Z* — Z is Lipschitz
continuous on bounded subsets of Z°.

Under these assumptions to any zy € Z* corresponds a unique Z*-solution z(-, z) of (20)
defined on a maximal interval of existence [0,7,,). We then have (cf. [8, 5]):
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Proposition 7 Suppose that the above assumptions are satisfied and, in addition, P has
compact resolvent. Then the following two conditions are equivalent:

(i) Relation T(t)z, = 2(t,z9), t > 0, defines on Z* a compact C°-semigroup {T@®)} of
global Z*-solutions to (20) which has a compact global attractor in Z*.

(%) There are:

® a Banach space ), with D(P) C ),
® a locally bounded function C : Rt — R*,
® a nondecreasing function g : Rt —s R+

e certain number 6, € [0,1),
such that, for each zy € Z*, both conditions:

12(t, 20)ly < C(l|z0]l20), t € (0,7,), (35)

and

1G(2(t, 20))llz < gll(t, 20)ll3) (L + [|2(2, 20)|a), ¢ € (0,720), (36)

hold, where the estimate (35) is asymptotically independent of z, € Z°.
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