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Resumo

T. Gaffney mostrou que se alguns invariantes associados a uma familia de
germes de aplicacoes de f; : €*,0 — C€”, 0 sdo constantes ao longo do pardmetro
t entao esta familia € Whitney equisingular. O nimero de invariantes envolvidos
neste resultado depende das dimensdes (7, p) e este nimero é grande conforme
n e p forem grandes. Entao surge uma pergunta natural: “Fixado um par
de dimensoes (n,p), qual é o nimero minimo de invariantes no Teorema de
Gaffney para garantir a Whitney equisingularidade ou trivialidade topolégica
da familia?”.

Esta pergunta foi respondida nos seguites casos p=1len#3;n=p=2e
n=2,p=3.

Neste artigo consideramos o caso n = p = 3. Estabelecemos relagées en-
tre as multiplicidades polares dos tipos estdveis e os invariantes zero estaveis
permitindo, assim, reduzir o nimero de invariantes para equisingularidade de
18 a 6 no caso de corank 1. Aplicamos nosso resultado para algumas familias
unimodulares.



Abstract

Gaffney showed that if some invariants associated to a family of map germs
ft : €",0 — €P, 0 are constant along the parameter ¢ then the family is Whitney
equisingular.

The number of invariants involved depends on the dimensions (7, p) and this
number can be very big according to n and p are big. Then a natural question
arrises: “For a fixed pair of dimensions (n,p), what is the minimum number
of invariants in Gaffney’s theorem that are necessary to guarante the Whitney
equisigularity or the topological triviality of family?”

This question was answered in the following cases: p = 1 and n # 3;
n=p=2and n=2,p=3.

In this paper we deal with the case n = p = 3. According to Gaffney’s
result, for the family f; to be Whitney equisingular we require the constancy of
18 invariants. We reduce this number to 6 for corank 1 germs. We do this by
finding relations among the invariants and using the fact that these are upper
semi-continuous. We apply our result to some families of unimodular germs.
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Polar multiplicities and equisingularity of map
germs from C3 to C°

V. H. Jorge Pérez *

1 Introduction

Gaffney studies in [8] the following problem: “Given a l-parameter family of
map germs C*,0 — C?, 0, find analytic invariants whose constancy in the family
implies the family is Whitney equisingular or topologically trivial.”

Gaffney solved this problem in [8] for an important class of finitely determined
map germs of discrete stable type. The necessary invariants are the zero stable
invariants and the polar multiplicities defined by Teissier in [21]. The results in
[8] show that the number of invariants involved depends on the dimensions (n,p)
and this number can be very big according to n and p are big. Then a natural
question arrises:

“For a fixed pair of dimensions (n, p), what is the minimum number of invari-
ants in Gaffney’s theorem that are necessary to guarante the Whitney equisigu-
larity or the topological triviality of family?”

This question was answered in the following cases. When p = 1 and n =£ 3,
the Milnor number is a complete list of analytic and topologic invariants (see [14]
where the approach to the problem in this case is different from that used by
Gaffney). In the case n = p = 2, the analytic invariants that guarante Whitney
equisingularity of the family are the number of cusps, the number of transverse
folds and the second polar multiplicity of the discriminant of the germ ([6]). In
the case n = 2,p = 3, Gaffney showed in [8] that the number of triple points,
the number of Whitney umbrellas, the second polar multiplicity of the image of
f and the multiplicity of the curve of the double points form a complete list of
invariants. Ruas showed in [19] that, in some particular cases, the number of

*This work was supported by a CNPq grant.



triple points, Whitney umbrellas and the Milnor number of the curve of double
points form a complete list of analytic invariants.

In this paper we deal with the case n = p = 3. According to Gaffney’s
result, for the family f; to be Whitney equisingular we require the constancy of
18 invariants. We reduce this number to 6 for corank 1 germs. We do this by
finding relations among the invariants and using the fact that these are upper
semi-continuous. |

The paper relies heavily on Gaffney’s work in [8]. In section 2 we recall some
results in [8] and prove our main result in section 3. We apply in this result in
section 4 to some unimodular germs given in [5]. We observe here that map-germs
K30 — K3 0 (K = R or C) are studied by several authors ([1], 2], [5], [10],
[12], [16]) with applications, for example, to robotics ([4], [11]) and to differential
geometry ([18]).

Acknowledgements. This work is part of my doctorat thesis. I would like to
thank my supervisor Farid Tari and my co-supervisor Marcelo Saia for their help.
I am also very grateful to Tery Gaffney and David Mond for their suggestions.

2 Notation and preleminaries

We shall denote by O(n,p) the set of origin preserving germs of holomorphic
mappings from C* to CP, J¥(n,p) the set of k—jets at the origin of elements of
O(n,p). We let R denote origin preserving diffeomorphisms of the sourse, £ the
corresponding group of the target; A = R x L. There is a natural action of A
on O(n,p). We let A, denote the pseudo group obtained by allowing non origin
preseving diffeomorphisms and O,(n,p) the set of germs at the origin but not
necessarily origin preserving.

We denote the singular set of f € O,(n,p) by S(f). It consists of all points
where the rank of the derivative of f is less than min(n,p). We denote the
discriminant of f by A(f) and the critical set of f by X(f). The ideal generated
by the set of p x p minors.of the derivative of f € O,(n, p) is denoted by J(f). If
we use minors of size k we denote it by Ji(f). If f € O(s+n,p) and we only wish
to use derivatives with respect to the variables in C*, we denote the resulting
ideal by J,(f). We denote the determinant of the derivative of f € O.(n,n) by
J[f]-

The germs of principal interest in this paper are the finitely .A-determined
germs. A germs is said to be k-.A-determined if any g € O(n,p) with the same
k-jet as f, i.e. j*g = j*f, is A-equivalent to f. The germ f is said to be finitely

2

g )

Y



R

A—determined if it is ¥ — A—determined for some %k (see [22], [3] for more on

determinacy of map-germs).

Let f € O(n,p) and f € O(s + n,p) such that fl0x C* = f, then f is
called an s—parameter deformation of f. An s—parameter unfoléing of f is
a grm F € O(s + 1,5+ p) such that F(s,2) = (5,f (s,2)) and f(s,7) is an
s—parameter deformation of f. We say that F is a trivial unfolding of f if there
are s—parameter unfoldings of the identity on C* and €7, say H and K, such that
KoFoH~! = (id, f). If H and K are homeomorphism instead of diffeomorphism,
we say that F is topologically trivial. (The above definitions can also be extended
to multi-germs.) _

Two unfoldings F,G : C* x C*,0 = C* x C?,0 of f are isomorphic if there
exist two diffemorphims germs ¢ : C° x C*,0 = C° x C*,0 and ¥ : C* xC?,0 —
C* x CP, 0 that are s-parameter unfoldings of the germs of the identities in C*and
CP respectively, such that G = ¢ o F o ¢~!. Given a germ h : C',0 — C°,0
we defined the pull-back of F' by h, denoted by A*F, the ¢-parameter unfolding
h*F(z,v) = (v, f(z,h(v))). The germs F' and G are said to be equivalent if
there exist a diffeomorphism A : C°,0 — C°,0 such that G is isomorphic to
h*F. We say that t-parameter unfolding G is induced by F' if there exist a germ
h: Ct,0 — C,0 such that G is isomorphic to h*F. An unfolding F of f is said
to be versal if any other unfolding of f is induced by F. A finitely determined
germs admits a versal unfoldings. It admits a trivial versal unfolding if, and only
if, it is stable. (See [22].)

Let F be versal unfolding of f. We say that a stable type Q appears in F if,
for any representative F = (id, f()) of F, there exists a point (s,y) € C x C
such that the germ f, : C*, S — CP,y is a stable germ of type @ where S =
F~(y) N =(f,). The call (s,y) and the points (s, z) with z € S points of stable
type Q in the target and in the source, respectively. If f is stable, we denote the
set of points in C* x C” of type Q by Q(f) and set Qs(f) = f~1(Q(f)) - Os(f),

where Qz(f) denotes f~1(Q(f)) N Z(f)-

If f is finitely determined, we denote o(f) = ({0} xC7) NQ(F) and Qs(f) =
({0} x C*) N Qs(F), O=(f) = ({0} x C*) N Lx(F).

We say that Q is a zero-dimensional stable type for the pair (n, p) if Q(f) has
dimension 0 where f is a representative of the stable type Q. We observe that
Q(F) is a close analytic set, since Q(F) = NF(j®**VF~1(Azy)), where z; is the
p+ 1 jet of the stable type @ and Az; is the A—orbit of z;.

A finitely determined germ f has discrete stable type if there exist a versal

unfolding F' of f in which appears only a finite number of stable types. Any




finitely determined germ f has a discrete stable type if (n,p) is in the good
dimensions, ([17]).

Let F' = (u, f(v, z)) be a 1—parameter unfolding of a finitely determined
8erm f, such that f(u, ) preserves the origin for all u. We say that F is a good
unfolding of f if there exist neighbourhoods U, W of the origin in C x C* and
C x C” respectively such that F~Y(W) = U, F maps U N SF)-TtoW-T
and if (to,y,) € W — T where S = F~Y(to,50) NS(F) and T = C x {0}, then
the germ f, : C*, S — C?, Yo is stable. It is shown in (8] that the stable types in
the source and in the target form a regular stratification, i.e. satisfy the Whitney
conditions, therefore the family F' is Whitney equisingular.

Suppose that QF) = {py,---, Dr} is the set of points of zero-dimensional
type, where F is a versal unfolding of f. The 0—stable invariant of type Q of f,
denoted by m(f; Q) is the multiplicity of the ideal ms@TF),(o,o) in OTF),(O,O)'

A good unfolding is said to be excellent if all the O—stable invariants are
constant in the unfolding and [ is of discrete type. In the equidimensional case
(n = p), it is also assumed that the degree of f, § (f) = dimcﬁ:m, is constant
in the unfolding.

Using the polar multiplicities defined by Teissier in [21] of the polar varieties
of the stable types and Thom’s isotopy lemmas, Gaffney showed the following
principal result.

Theorem 2.1. ([8]) Suppose that F - CxC,(0,0) »Cx (0, 0) is an ezcel-
lent unfolding of a finitely determined germ f € O(n,p). Also suppose that the
polar invariants of all the stable types defined in A(f), (f) and FHA)-Z(f)
are constant at the origin for f,. Then the unfolding is Whitney equisingular.

In the next section we shall need the following results.

Theorem 2.2. (Lé-Greuel’s theorem, [13]) Let X, be an I.C.I.S. with a singu-
larity at 0 € C*. Let X be an I.C.LS. defined in X, by fr =0, and let Siyeees foo1
be the gerators of the ideal that defines X; at 0 in C*. Then

@
(g ss e its F (fiy o fx))

Theorem 2.3. (Looijenga’s theorem, [15]) Let f: Ck,0 — C*,0 is a germ such
that X = f=1(0) is an I.C.I.S. Then w(X,0) =8(f) - 1.

H(X1,0) + u(X, 0) = dimg

Theorem 2.4. ([7]). Let f:C™, 0 — C",0 be a finitely determined germ. Then
F:Z(f) cCr0— A(f) c Ck,0 s bimereomorphic.

N
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3 Equisingularity of map germs in O(3,3)

3.1 The stable types in O(3,3)

As heiglighted in the introduction, our aim is to minimize the number of invariants
defined in the stable types of f whose constancy in the family f; implies the family
is topologically trivial or Whitney equisingular.

The strategy is to apply Theorem 2.1 and the techniques used by Gaffney in
(8], that is, stratify the source and the target by the stable types and establish
relations among the invariants on the strata. As these invariants are upper semi-
continuous, the relations will allow us to reduce the number of invariants required
in Gaffney’s theorem.

Let f € O(3,3) be a finitely determined germ. As (n,p) = (3,3) belongs to
the nice dimensions, then f is of discrete type. The stratification in the source
and target are as follows.

In the source: We have the set of critical points X(f), the cuspidal edge
curve, denoted by X!!(f), and the set of double points D?(f|=(f)). Due to
the complicated structure of D?(f|Z(f)) in general, we shall restrict to corank
1 germs. In this case we consider instead the D?(f|Z(f)) which is defined as
follows. Let f|Z(f) be the restriction of f to X(f), then the set of double points
of f, denoted by D?(f|Z(f)), is the set of points (p;,ps) € C8, p; # po, such
that pi,p, € I(f) and f(p1) = f(p2). If f is of corank 1, we can write f =
(z,y,9(z,y, 2)), and consider D?(f|Z(f)) (see [10] for details) as the subset

( 99(z,y,z) 99(z,y,27) 89(z,y,z) _9g(z,y,21)
i z -z —
{(iL', Y,z Zl) € (C4 . 2 2.4,2)=9(zy,21) _ A~ 5; oz _— 5z —TL = O}

z—2z1 z—21 z2—21

Then we denoted by D?(f|Z(f)) the projection of D?(f|Z(f)) to the (z,y, 21)-
space.

In the target: We have the discriminant of f, A(f) = f(Z(f)), the im-
age of the cuspidal edge curve f(X!!(f)), the image of the double points curve
F(D3(f|Z(f))) (for corank 1 germs), and the zero-dimensional stable types. These
are the swallowtail points (A43), normal crossing of a plane with a cuspidal edge
(A1A;) and the set of triple points (A3) (see Figure 1).

To a k—dimensional variety are associated k+1 polar invariants. As X(f) and
A(f) are of dimension 2 and the dimension of D2(f|Z(f)), ZV1(f), F(ZH(S))
and f(D?(f|Z(f))) is 1, we have 14 polar invariants defined on these sets. We also
have 3 multiplicities of the zero-dimensional stable types. These are the number
swallowtails (#43), the number of normal crossing of a plane with a cuspidal edge
(A, A;) and the number of triple points (#A2). Therefore to apply Theorem 2.1
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Stable types of dimension 1

1%

Stable types of dimension 0

Figure 1: The stable types in the target

to germs in O(3, 3) we needed the constancy of 18 invariants, including the degree
of f. In the following sections we show that some of these invariants are related.

3.2 Relations among the invariants of the stable types in
the target

We start by analysing the discriminant A(f). We have the following general
result.

Theorem 3.1. Let f € O(n,n) be a finitely determined germ and p : C* — C*1
a generic linear projection. Then

-

mo(A(f)) = p(po f) +6(f) - L.

-

Proof We choose a projection p : C*,0 — C*71,0 such that the degree of
pIA(f) is the multiplicity of A(f) at the origin. Let

X1=(po f)7}(0),

X = f~0).



—d

As these spaces are isolated complete intersections singularities (I.C.1.S.), by ap-
pling Lé-Greuel’s theorem we have

) Os
(o f) +pu(fiy.., fa) = dzmcm-

Also, by Looijenga’s theorem we have

pf1, s fo) = 6(f) = 1.

The idea now is to use X(f) rather than A(f) as the later has non-isolated
singularities and the former is a hypersurface with isolated singularity. Since
f:E(f) € C* = A(f) C C" is bimeoromorphic and finite ([7]), the local ring
Os(s) is Cohen-Macaulay and the diagram below comutates. Therefore the degree
of po f|X(f) is equal to the degree of p|A(f) which is the polar multiplicity of
A(f). Hence, dimg (pT}D,}L[T])" = mo(A(f)), and the result follows

Sf)lccr L AP cc

pof\ ' D
(€c1,0)
O

Corollary 3.2. Let f € O(3,3) be a finitely determined germ and p : C* — C2
a generic linear projection. Then

mo(A(f)) = plpo f) +6(f) — 1.

Remark 3.3. The constancy of both mo(A(ft)) and 6(f;) is required when ap-
plying Gaffney’s theorem. Using the relation in the above Corollary, we only need

the constancy of one of them.
Corollary 3.4. If f € O(3,3) if of corank 1, then mo(A(f)) = 6(f) — 1.

Theorem 3.5. Let f € O(3,3) be a finitely determined germ. Then
ma(A(f)) = mi(A(f)) + mo(A(f)) = u(=(f)) + 1.

Proof We choose a projection py : C* — C? such that the degree of py|A(f) is
equal to the multiplicity of A(f) at the origin, and the multiplicity of the polar
variety Pi(A(f)) = Z(p2]A(f)°) is mi(A(f)). Let p; : C2 — C be a generic
linear projection such that the degree of p; o po| P(A(f)) is mi(A(f)). We can

7



suppose that the projection p; op, is also generic and defines the polar multiplicity h
ma(A(f)). Let

L am

Xy =V(propso f,J[f]),
X =V(p2o f,JIf]).
As these varieties are I.C.I.S., we apply Lé-Greuel’s theorem and obtain
%
(propao f,J(f], Jlp2o f,JIf]])

Applying Lé-Greuel’s again to Y = V(J[f]) and X;, we have

p(X1) + w(X) = dime

: o s o
W i Imessram ~ AU + w(X) = dime g oty
By Looijenga’s theorem, we have u(X) = deg(p20f, J[f]) — 1. Therefore

e ey ~ KIS + deg(pz o £, J[f]) - 1

. O
dime Fropso T Tl IO (1)

This equation is the key to establish the relation among the polar multiplicities
of the discriminant. To calculate the multiplicity mq(A(f)) we use the following
comutative diagram

S(flcet L A(f)c

p2o f N\ v D2
(C*,0)

Since f : £(f) — A(f) is finite and bimeoromorphic deg(ps|A(f)) = deg(p2 ©
fIZ(f)) and therefore deg(pyo f, J[f]) = mo(A(f)). In the same way, to calculate
mi(A(f)), we used the fact that f restricted to V' = V(J[f], J[pz o f, J[f]]) is
finite and bimeromorphic. Then we have deg((piop20 f)|V') = deg((p1op2)|A(f))
and o

3

(prop2o f,J[f], Jlp2 o £, J[f]])

This last equality follows from the fact that the ring Oy is Cohen-Macaulay. To
calculate my(A(f)), we choose a versal unfolding F of f and consider F : £(f) C
C’ xC* — A(f) C C* x C*. We know that S(F) is a hypersurface in C3 x C*. As

piops : C — Cis a generic linear projection we have Z((r,, p; opg)o F)|L(F)) =
V(J[F], J[propyoF, J[F])).

mi(A(f)) = dime



Qo=

The invariant my(A(f)) is controled by the degree of the projection |V (J[F],
Jp1 o p; o F, J[FY]]), that is, by the colength e;(f) of the maximal ideal m, in O3
of the source. This is given by

O;
(JIf), J(prop2o f, J[f])

The possible components of V(J[F], J[p; © ps o F, J[F]]) are the closures of
the following sets F'~'(Py(A(F),m,)), F~1(A3), F~}(A14;) and F~1(A43).

To count the contribution of 7, restricted to these components, we use the
normal forms of the stable types. We choose a generic parameter s and neigh-
bourhoods U, C €* x C°and U; C C° such that for every point in U; we have
es(f) pre-images in V N U, counting multiplicity. Then

eJ(f) = dimc

5 Os43,z
es(f) = Dses AN G STFT T (propss FTTFT)

_ o 03,::
= Y es UMC G T oI )

where S = 7,71(0) N V. As the parameter s is generic, we can suppose that f; is
stable. First we choose a germ where one singularity of type A4, appears. This
has normal form f; = (z,y,2* + zz + y2z?) and we count its contribution in the
variety V. We have

: O3 — (i O3 -
d'lm(c (4z34+z+2yz,J (y,423+z+2y2)) — dlmc (42342+2y2,1,122+2y) — 0

Therefore the contribution of the points A in e;(f) is nil, this means that
these points do not appear in V.

In the same way we consider the normal form f; = {(z,v, 2* + y2); (¢%,v, 2)}
for the A;A, singularity and the normal f, = {(z,y,2%); (z,v% 2); (22,v,2)}
for the singularity A%, and show that their contributions are also nil. Thus, the
components of V' (J[F], J[p,op,o F, J[F]]) are in the closure of F~1(P,(A(F), m,)),
SO

ei(f) = Lieshime G
= my(A(f ).
As F restricted to V(J[F], J[p; o py o F, J[F]]) is finite and bimeoromorphic,
the result follows by substituiting all the above equalities in equation (1). a

Remark 3.6. As the polar multiplicities are upper semi-continuous, the relation
in Theorem 3.5 shows that if mo(A(f;)) and p(S(f)) are constant in the family
then mq(A(ft)) and ma(A(f:)) are also constant in the family.

9



Corollary 3.7. Let f € O(3,3) be a finitely determined germ of corank 1. Then
ma(A(f)) — mi(A(f)) +mo(A(S))

§A1 A, + 2843 — WAs + pa(f) — L(u(D3(FIZ())) + 3.

Proof The proof follows by applying Theorem 3.5 and to the following results
of Huston in [12]. If f € O(3,3) is of corank 1, then

palf) = (W) + (D IZD)) + s = 1) + A1,

w(DI(fIZ(f)) = w(D*(fIZ(£)) + 28 A1 Az + 6§ A7
O

We shall now consider the set f(D?(f|X(f))). The situation is more com-
plicated when dealing with the double point set as its structure is unknown in
general. However, for finitely determined germs of corank 1, Goryunov showed
in [10] that D?(f|=(f)) is an I.C.LS.

Theorem 3.8. Let f € O(3,3) be a finitely determined germ of corank 1. Then
2mo(X) = 2ma(X) + p(DI(fIZ(f))) = 24 A1 4, + 3445 + 1,
where X = f(D(fIZ(f)))-

Proof The stratum f(D?(f|Z(f))) has dimension 1 so we need to consider two

polar invariants mo(f(D?(f|Z(f)))) and m, (f(Di(f1Z(f)))).
As f(D3(f|Z(f)) — {0}) is a two fold cover of f(D}(f))— {0} ([23] page 294),
we can choose a projection in such a way that

e(f*tms)Opa(p) = 2mo(f(DE(FIZ(£))),

where e(I) denoted the multiplicity of the ideal I. The set D?(f|Z(f)) is an
I.C.I.S., so the following sets are also I.C.I.S.

Xy = DY(fIZ(f)),
X, = Di(fIZ(f)) N (po /)7(0)

where p : C2 — C is a generic linear projection. Applying Lé-Greuel’s theorem
to these sets we obtain

p(X1) + u(Xe) = e(IF(FIZ()), JIE(FIZ(), po £]) (2)

10
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where IZ(f|Z(f)) is the ideal that defines the curve of double points D?(f|X(f))-
As X, is I.C.I.S. of dimension zero, we can apply Looijenga’s theorem to obtain

w(Xz) = e(I}(FI2(f)),po f) - 1.

From the previous equalities and the fact that f restricted the double point curve
is bimeoromorphic, we have

u(Xa) = 2mo(F(DI(FIZ(£)))) - 1.

To understand the geometric meaning of the right hand side of the equality
(2) we choose a versal unfolding F' = (s, f(s,z)) of f and consider the variety
V(IZ(F|S(F)), JI}(F|Z(F)),po f]). The components of this variety is the closure
of the sets F'~!(P(D}(F|Z(F)))), the set F~'(A;A) points, the set of F~!(As)
points and the set of triples points A3. That have dimension at least s.

For a generic projection p, the dimension of V' is s. As the multiplicity of V'
is the sum of the multiplicities of these components, it is enough to calculate the
contribution of the degree of 7, restricted to each component, where 7, is the
projection of the first component of C* x C® to C*.

We choose neighbourhoods U; of 0 in C° and U, of 0 in C* x C? such that on
each point in Uy, 7, has e(JZ(f|Z(f)), J[L2(f|Z(f)),p o f]) pre-images in V N U,
counting multiplicity. If s € C° is a generic parameter close the origin we have

_ . Os 43,z
e(H) = Dlzes UM o T PSP I (I 77

= Loes UMt BT o ()
where H = (IZ(f|Z(f)), JIIE(fIZ(f)),po f]) and S = 771(0) N V. To count the
contribution of singularities of type A3, we take f; = (z,vy, 2* + 22z + y2?).
As ¥(f) is a regular hypersurface, f|Z(f) can be considered as a map from
C? — C®. The discriminant is parametrised by ¢(y, z) = (—42° — 2yz,y, —32% —
yz?). The double points curve of this application, denoted by D?(¢) C C3, is give
by the ideal

I = (—4(2 + z12 + 2%) = 2y, —(22 + 2®) (21 + 2) — y(21 + 2)).

This curve is bimeoromophic to the curve D?(f|Z(f)). Then, to calculate the
contribution of the singularities of type Az in V/(D2(f|Z(f)), J[D(fIZ(f)),po f])
it is enough to use the ideal I. Using the formula (3) we have

. O3, _
e(H) =) 4ecs dsz(I,J[I,azj-by+cf3]) =,

11



where p(z,v,2) = az + by + cz is a generic projection (b # 0). This means that
the points of type A3 appear in V with a contribution equals to 3.

In the same way, to count the contribution of the points A; A, it is enough to
choose the normal form f, = {(22,v, 2); (z,v, 2* +y2)}. In fact, the double points
curve in the source of this multigerm is defined by the ideal I = (z,32%+y). Then

using (3), we have

: 03,:
e(H) = Z:cGSl dlmc (z,3z2+4y,J[z,3224+y,az+by+cf3])

2 03,:
+ ZZESz dzmc (z,322+y,J 2,322 +y,az+by+cf3])

= Z

where S; = 7;1(0)NV; and S, = 7 }(0)NV; for each component of the multigerm
and b # 0. This means that the contribution of the points A; A4, is 2.
Since F restricted to each component is finite and bimeoromorphic, we have

deg(m,|V) = 2my(f(Di(f))) + 344 + 24 A1 4,.
The theorem follows now by joining all the above equalities. a

We now consider the set f(X"!(f)). Just as in the previous theorem we needed
the set f(Z11(f)) to be an 1.C.LS., so we considered f to be of corank 1.

Theorem 3.9. Let f € O(3,3) be a finitely determined germ of corank 1. Then

mo(f(ZV1(£))) — mu(fF(EM(£))) = §4s — (S (F))) + 1

Proof Let F be a versal unfolding of f. Then T} (F') has a reduced structure.
As TbY(f) is an analytic space that is I.C.I.S., we choose p : C3 — C a generic
linear projection such that the spaces

X; = TH(f),

X=3"(f)n(po £)7(0)
are [.C.I.S.. Applying Lé-Greuel’s theorem, we obtain

wEV) +uEH () N po )T = eIV (), JUM () po f])

where I'1(f) is the ideal that defines b1(f).

12
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As X is of dimension zero, we can apply Looijenga’s theorem and as f|Z%*(f)
is bimeromorphic, to obtain

p(IM(f),po f) =mo(F(EM(f))) - 1.
We need to understand the geometric meaning of
e(I"'(f), JII™(f),p o f]).

For this, we choose a versal unfolding F' = (s, f(z, s)) of f and considered the
variety V (I"'(F), J[I"!(F),po f]). The components of this variety is the closure
of the sets : F'~!(P,(f(X"!(F)))) and the pre-images of the swallowtail singularity
As. From the genericity of p and F, these components have dimension exactly s.
As F restricted to each component is finite and bimeoromorphic, we have

deg(ms|V) = mi(f(ZV(f))) + #4s.

The contributions are obtained in the same way as in the previous theorem. O
Corollary 3.10. Let f € O(3,3) be a finitely determined germ of corank 1. Then
m1(f(A(f))) = mo(f(EV(f)))-

Proof As f is of corank 1 we can write, f = (z,y, g(z,, 2)) and the ideal that
defines XM (f) is IV*(f) = (g2, g2z)- In the proof of Theorem 3.5 and Theorem

3.9, we have
O,
(pl Op20 f, '][f]’J[pZ o f) J[f”)

my(A(f)) = dime

d
an Oy

mo((2())) = dime pryer’e—s.

As p1, p» and p are generic projections,

©s = dim O
(propao f Il Jlpzo fIFN) ~  C(M(f),po )

dimc

13



3.3 Relations among the invariants of the stable types in
the source

In this section we stablish relations among the invariants of the stable types in
the source. The strata in this case are the set of critical points, the curve of
double points and the cuspidal edge curve. The situation is less difficult than
in the case of the target because the set of critical points is a hypersurface with
isolated sigularity, and for a germ of corank 1 the double points curve and the
cuspidal edge curve are I.C.L.S.

We know from [20] that the absolute polar multiplicities of a hypersurface
X with isolated singularity are related to the Milnor numbers u*, of the plane
sections by the following equalities

me(X) = g1(X) + pH(X)

for 0 < k < d— 1, where d = dim(X). This result is also valid for I.C.I.S. (see
[13],[9]). The absolute polar multiplicities are defined when the dimension of X
is > 1. The multiplicity m4(X) cannot be defined directly like the other my,
0 < k < d -1, because the singularities of p;|X are isolated points. However,
Gaffney [9] defines this multiplicity for spaces that are I.C.LS as follows.

Definition 3.11. The d—th polar multiplicity of (X¢,0) (X? is L.C.1.S. of di-
mension d), denoted by mq(X?), is defined by

Ox
J(pla f)

where f : (C*,0) = (C*=%,0), f~1(0) = X¢ and p, : C* — C is a generic linear

projection.

md(Xd) = d’imc

~

Remark 3.12. As V(py, f) 1s I.C.LS., then by Lé-Greuel’s theorem, we have

ma(X?) = p(X?) + p(X*Np(0)).

-

When f € O(3,3) is finitely determined, X(f) is a hypersurface with an
isolated singularity. If f is of corank 1, the double points curve D?(f|Z(f)) and
the cuspidal edge curve ZV!(f) are I.C.I.S. Therefore we can apply Definition
3.11 and all the properties above to obtain the following.

Proposition 3.13. Let f € O(3,3) be a finitely determined germ. Then

14
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(1)
ma(E(f)) = mu(E(f)) + mo(Z(f)) = w(=(f)) +1
(it) If f is of corank 1, then
mi(DA(FIZ(F)) — mo(DXFIZ(F) = w(DA(FIS(F) -1
mi(ZV(f)) = mo(EV(f)) = w(ZM(f))) -1
We can now deduce our main theorem. Using the results of subsections 3.2
and 3.3, we reduce the number of invariants in Gaffney’s theorem 2.1 from 18 to

6 in the corank 1 case.

Theorem 3.14. Suppose that f € O(3,3) is a finitely determined germ of corank
1 and F = (t, f;) is a good 1—parameter unfolding. Then F is Whitney equi-
singular along T = C x {0} if, and only if, mi(A(f:)), p(Z(f:)), mi(Z(f)),
my (D} (fi|Z(f))), mo(fe(DE(f|Z(f2)))) and my(ZY1(f,)) are constant for t close

to the origin.

Theorem 3.15. Suppose that f € O(3,3) is a finitely determined germ and F
an excellent unfolding of f. Then F' is Whitney equisingular along T = C x {0}
if, and only if, my(A(f:)), w(Z(f)), mi(2(ft)) and the polar multiplicities of the
1—dimensional stable types in the source and in the target are constant for t close

to the origin.

4 Application

In an unpublished work, du Plessis and Tari [5] classified unimodular germs from
C* — C® that are inside the K—orbit A3. The models for these germs are the

following:

(z,y,2* + (zy + ay® + vz +12?) a#0,1/2
(z,y,2* + (zy + ay®)z + z2?) a#0,1/2
(z,y,2* + (22 + zv? + ayt)z +22%) a #0,1/4
We apply in this section the main result (Theorem 3.14) to the study of the
equisingularity of the above germs along the parameter modulus a.

Proposition 4.1. Let F(t,z,y,2) = (t,z,y,2* + (zy + (a + t)y® + y!)z + z2?)
and G(t,z,y,2) = (t,z,y, 2* + (zy + (a +t)y®) 2 + z2?) be unfoldings of the germs,
f(z,y,2) = (z,y,2* + (zy + ay® + y*)z + z22?) and g(z,y,2) = (z,y,2* + (zy +
ay?)z+z2z?) respectively. Then F' and G are Whitney equisingular fort sufficiently
small if a #0,1/2.

15



Proof Let fi(z,y,2) = (z,y, 2* + (zy+ (a +t)y® + y*) 2 + z2?) be a deformation
of f. According to Theorem 3.14 we have to calculate 6 invariants. We calculate
first the polar multiplicity of the discriminant m;(A(f;)):

O,
(prop2o fi, J[ft]’ J[Pz o ft, J[ft]])

where p; and p, are generic projections. We take p;(z,y) = v and ps(z,z,2) =
(z,y) which are generic. Then

my(A(f;)) = dime

— ; O3
ma (A (f)) = dime (y,42° +zy+(a+t)y3 +yi+222,J(z,y,423+zy+(a+1t)y® +y4 +222])
(@)

) 3
dimg (y,423+zy+(a+t)y3 +yi+222,1222+27)

)y 2
dimg (423+2z2,1222+21)
3

= mi(A(fo))

We have X(f;) = 42° +zy+ (a+1t)y3+y* + 2zz. As this is a hypersurface with
isolated singularity its Milnor number is well defined and is given by u(Z(f:)) =
2, if (a +1t) # 1/2. Then for a # 1/2, and for ¢ small u(Z(f,)) = u(Z(f)).

We compute now the multiplicity m;(Z(f;))). As Z(f;) is a hypersurface with
isolated singularity,

mi(Z(fe) = w*(Z(£)) + ' (Z(f2)-
We choose generic hyperplanes H; = {z =y =0} and H, = {y = 0} so that,
m1(S(fe)) = p2(423 + 2z2) + pl(42%) = 3 = my(Z(f))-

To calculate the multiplicity m; (D?(f;|Z(f:))) we needed to find the ideal that
defines the curve D}(f;|Z(/;)) and use the following relation from Proposition 3.13

my (DI (fil2(£))) = w(DI(£IZ(f))) + mo(D}(fIZ(£))) — 1.

The ideal that defines the double points curve in the source is I2(f,|Z) = (zy +
(a+1t)y® +y* 222 + 7). As the second component of this ideal is regular, we can
consider the double points curve embedded in C?, i.e. the following equalities

hold:
w(DHLIZ(S) = wl((zy+ (a+t)y® + 1y, 222 + 7))
= p(=2y+ (a+t)y° +y*)
= 4, if (a+1¢t) #0.

16
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So w(D2(f|2(£:)) = p(Di(fol=(fo))), if a # 0 and for ¢ small. We now
calculate mo(fi(D?(f:|2(f)))). We have

2mo(fi(D}(fIS(f1)))) = e(TF(fIZ(fr)), p o fo)

where p : € — C is a generic linear projection. As (IZ(fi|Z(fi)),p o fi) is

a reduced ideal and Opz(s,x(s)) is Cohen Macaulay, e(I3(fi|2(fe)),po fi) =
7 Taking p(z,y, z) = z, which is generic,

: O,
dme TN eor:

6(I]?(ft |2(ft))’ p o ft) = dzmc (zy+(a+t)y‘§9—sy4,2z2+z,x)

= 6if(a+t)#0.

Therefore

mo(ft(D%(ftIE(ft)))) =3
= mo(fo(D?(fo|Z(f0)))), if a # 0.

Hence

my (D} (fil2(f:))) = 6
= my(D?(fol=(fo))), if a # 0 and ¢ small.

Finally we calculate the multiplicities of fy(X"'(f;)). The ideal that defines
the stratum SU(f,) is IV (f) = (42° + 2y + (a + t)y® + y* + 222, 122% + 21), s0

mo(fi(EM(£e))) = dimegrrpimsgy = 3-
We can also calculate u(Z%!(f;)) as follows:

w(EVH(f)) = w(4z® —62%y + (a+t)y® +yt — 122%)
= 4if(a+1)#0,1/2
= u(ZH(fo)), ifa #0, 1/2 and t small.

As A3 = 3 for (a +t) # 0, using Theorem 3.9, we have
mi(Fo(ZP())) = mi(fo(S4(fo))) = 3, if a # 0, 1/2 and ¢ small.

We can now apply Theorem 3.14 to conclude that the family F' is Whitney

equisingulary for ¢ sufficiently small if a # 0,1/2.
In the same way, we show that the family G is also Whitney equisingulary if

a#0,1/2. O

17



Proposition 4.2. Let F(t,z,y,2) = (t,3,y,2* + (zy + 113 + (a + t)y*)z + 722)
be a unfolding of the germ f(z,y,2) = (z,y, 2* + (2% + zy® + ay*)z + z22). Then
F'is Whitney equisingular for t sufficiently small ifa#0,1/4.

Proof Let fi(z,y,2) = (z,, 244+ (22 +zy? + (a+1)y*) z+z22) be a deformation
of f. We have to calculate 6 invariants according to Theorem 3.14. We have

O3

m (A (ft)) = dimc (y42° +z?+ay? +(a+t)yT+222,J[x,y, 42322 +zy?+(a+t)y?+2z2])
= 3
= mi(A(fo)).

As E(fy) =422 + 2 + 12 + (a + t)y* +2zz is a hypersurface with an isolated
singularity, we have

’U(E(ft)) = dimg (21:+y2+2z,2:z:y+(Z?a+t)y3,1222+2z) =3, if (a ;4 t) #0
#(2(fo)), if a # 0 and ¢ small.

Also,
mi(5(fr) = 1 (2(f) + 6" (S(£)).

Choose generic hyperplanes H; = {r=2=0}and H, = {y = 0} so that
mai(5(f2)) = w2(42° + 222) + ! (422) = 2 = my (S(fy)).

To calculate m,(D}(f,|Z(f;))) we needed to find the ideal that defines the
curve D}(£|=(f,)) and use the following relation from Proposition 3.13

my(DI(f|Z(£2)))) = w(D(fIZ(12)))) + mo(DY(fIZ(£)))) — 1.

The ideal that defines the double points curve in the source is B(filZ(f) =
(z? + zy? + ty*, 222 + z).- As the second component of this ideal is regular, we
have

w(DE(filZ(f2))) w(@® +2y® + (a + t)y*, 22% + )
p(de* = 2227 + (a + t)y?)

d’i'mc

Il

Il

O,
(1623 —dzy? 422y +4(a+1t)y%)

; 2 ; (@)}
dlmc (z,—42%y+4(a+t)y3) + dzmc (1622 —4y?,—422y+4(a+t)y3)
3+ dimc( -

3+ dimC((42_2y)(4z+2y),E4z2y+4(a+t)y3)
9,ifa+t#0,1/4

= MUDHKIES)), ifa#0, 1/4,and ¢ sma]]
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To calculate mo(D?(f;|S(f;))) it is enough to use the definition of the multi-
plicity, that is,

RO S A P

O3

maDHAIS() = dime o e e T

Hence
mi(Di(fi|2(£:))) = 12 = my(D2(f4|=(fo))), if a # 0,1/4 and ¢ small.
For the multiplicity mq(f;(D?(f:|Z(f;)))) we have
2mo(fo(DY(£eI=(f))) = e(FE(£I£(f)), po f2)

where p : C° — C is a generic linear projection. As (I?(f:|2(f:)),po f.) is a
reduced ideal and ODf( £2(f)) 18 Cohen-Macaulay,

2 o = dim Os
e(I{ (fe|=(fe),po fi) = d C(If(ftlz(ft)),pOft)'

Choosing p(z,y, z) = y which is generic,

%

=4,
(22 + zy? + (a + t)y4, 222 + z,v)

e(I}(f|=(f2)),po fe) = dimg
Therefore,
mo(fo(Di(f| B(£2)))) = 2 = mo(fo(DI(fo|=(f0))))-
Now for the multiplicity of f;(Z™(f;)), the ideal that defines the stratum
U fe) is IV fy) = (42° + 2% + zy? + (a + t)y* + 222, 1222 + 22). So

mo(fe(ZV(£))) = dimegrmpizen

; 3
dimg (423 +z2+zy?+(a+t)y* +272,12224-22,y)
(@]

- dimc(4z3+12+2xzz,1222+2z)
= 3
= mo(fo(Z"1(fo)))-
We calculate p(Zh(f;)) in the same way as in the previous proposition. We
have p(XY1(f;)) = 6 for (a+t) # 0 and 4, = 3 for (a+t) # 0. Then by Theorem

3.9, we have mqy(fi(Z51(£;))) = ma(fo(E12(fo))) = 3 for a # 0, 1/4 and ¢ small.
fﬁ We apply now Theorem 3.14 to assert that the family F' is Whitney equisin-

gular for ¢ sufficiently small and a # 0,1/4. g
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