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Resumo

Neste trabalho mostramos que uma condigao de 4rea generalizada é necessaria para
haver formagcao de camada limite interna em uma classe de sistemas elipticos singularmente
perturbados, definidos em dominios varidveis ou ndo. Como aplicagdo conclui-se que tal
condicao é necessaria para a existéncia de uma familia de solugdes estaciondrias estaveis

para um sistema de reagao e difusao com condigdo de Neumann.

Palavras Chaves: Sistemas de reacao e difusdo, camada de transi¢ao interna, per-

turbacoes singulares.
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Abstract
We prove that an equal-area like condition is necessary for the formation of
internal transition layer in a singularly perturbed elliptic problem in a varying or
fixed domain. As an application it is formally derived that such condition is also
necessary for the existence of a family of stable stationary solutions to a reaction-

diffusion system with Neumann boundary conditions on a fixed domain.
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1 Introduction

In this paper we look for necessary conditions for development of internal transition layer

for the following problem:

e div (hy(z)Vue)+ f(ue,ve) = 0, = € e,

div (ho(z)Vve) +6(€)g(ue, ve) = 0, = € e, (1.1)
ov
an

= 0 (or v = 0), on 91,
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where ¢ is a small positive parameter, 6(¢) a real function continuous at € = 0, f and
g are functions in C'(IR?) and h; € C**(%), 0 < & < 1, satisfles 0 < m < hy < M
(i = 1,2), for some constants m and M.

As for €, it is supposed to be a e-family of uniformly bounded domains in RY ie.,
| Q. |< M, where M is a constant independent of € and | - | denotes the N-dimensional
Lebesgue measure. The boundary of €2, denoted by 99, is at least piecewise smooth.

The scenario depicted above aims at an application which will be presented in the
last section and which motivated the present work. Roughly speaking, (1.1) is obtained
from a reaction-diffusion system after performing a suitable scaling in the spatial variable
and considering only its stationary solutions. If the original system has an e-family of
stationary patterns with a periodic structure then typically €2 stands for a unit periodic

cell.

Next we define what we mean by formation of internal transition layer.

Definition 1.1 Let @ be a open connected set in RN andT C O a (N — 1)-dimensional
smooth compact manifold without boundary. We will say that a family of functions
{(ue, Ve) Yoceeos With ue and ve in CY(O) N C?(O) develops internal transition layer,

\

as € — 0, in O with interface I' C O and limit (uo(z), vo(z)) if:

o u, =3 ug, uniformly on any compact set K C {O\T'}, where ug is given by

up(z) = a(@)xo. (z) + A(z)x04 () (1.2)

for some functions a and f in C(O) with a(z) < B(z) for x € T, Oy is the open

region in @ enclosed by T' and O = O\{I'U Oq}

0 .
o v, <=3 vy uniformly on any compact set K C O.

Note that @ = O, UT' U Og. Also O can be either a narrow tubular neighborhood of I
or a simply connected domain. In the latter case 00, = T.
The above definition, which is local in space, suffices for our purposes and it allows

for the existence of more layers.



2 Main Result

With the above definitions and notations we now state our main result in a slightly more

general framework than we need for the application we have in mind.

Theorem 2.1 Let {(te, ve)}eso be a family of solutions to problem. (1.1) which develops
internal transition layer, ase — 0, inU with interface I' and limit (ug(z),vo(x)) satisfying

f(ug,v0) =0, a.e. inU, where U is an open tubular neighborhood of T' such that U C Qe,

0 < e < g, for g small enough.

Moreover suppose that the following hypotheses are satisfied.

(H.1) ||uellze@) < C) ||Vl zoo() < C, for 0 < & < €o and some constant C > 0,

H2) lime [ [Vu(o) dS=0.
(H2) liye [ |Vue(z)]
Then the N -vector equation

/ /j(m) f(s,v0(z))ds D(x) dS =0 (2.1)

T Ja(zx)

holds. Here 0 stands for the outward unit normal vector on T

Remark 2.1 At the end of this section we will see that in some important cases which

appear in the applications, (H.2) is automatically satisfied. \

Proof: By taking a narrower tubular neighborhood UofT, ie., U C U, it follows from
Definition 1.1 that u. and v, converge uniformly to ug and vy, respectively, on oU. For
simplicity we drop ~ and write just U. As in the Pohozaev procedure, multiplying the

first equation in (1.1) by z.Vu. and integrating over U we obtain
/{edw (z)Vue) (- Vie) + f(ue, ve)Z - Vu} dz =0 (2.2)
Working with the first term of this equality and using that
div[z - Vu biVu] =z - Vu div(h1Vu) + hy []Vu|2 +x- V(IVU‘Q)/2]
along with the Divergence theorem, it follows that
Oue
- 5/ 1(z) - Ve uﬁ dS——/ (z)|Vue|* z - ndS
au on
- /u (V22 - Vhy do + (2 — N)/2 /u ha (2)| Ve |2 do (2.3)

= / f(ue,ve)z - Vue dz.
Ju



We claim that the left hand side of this equality goes to 0, as € — 0. In fact, this holds

for the first and second terms by virtue of (H.2). We claim that the third and fourth

terms approach zero, as € — 0, too. It suffices to show that
. ] 2 _
(}:% € ./u |Vue(z)|*dz = 0. | (2.4)

But multiplying the first equation in (1.1) by u. and integrating over U we obtain

Ou,

/ ha|Vue|* dz = s/ h1 dS-I— / f(ue, ve)ue dz =9, (2.5)

by (H.1), (H.2) and the fact that f(ue,ve) — f(uo,v0) =0, a.e. in Y. Hence we have
(2.4) and going back to (2.3) we conclude

lim / F (e, ve) @ - Ve dz = 0. (2.6)

e—0 Juy

Note that
div [z /:f(s,v) ds) = (V /euf(s,’u)ds)-m—i- dive - /guf(s,v)ds
= f(u,v)Vu-:z:—}—'/;x-sz(s,’u)ds—i-N/;uf(s,v)ds

Therefore
/uf(uaavs)m : V’U,E dr = (27)
1.4 div [z /9 " £(s, ve) dsldz — /u { /0 e Vof(s,ve)ds + N /6 " F(s,v.)ds}dz =
./aux : ﬁ,'/:s f(s,ve)dsdS — /u{/auea: - Vzf(s,ve)ds + N./eue f(s,ve)ds}dz

Recall that by hypothesis, {u.} and {v.} converge uniformly on 0U, so that the

first integral of the last term in (2.13) satisfies
/ T - n/ f(s,ve)dsdS — =4 x-ﬁ/uo f(s,v0)dsdS (2.8)
au au 0

Also it is easy to see that

/ /usfsvs)dsdriﬂ//fsvodsdr
/u/ svsdsdx—szg/ / fsvo)dsda:
s

where U, and U are as in Definition 1.1.

(2.9)



Finally note that V. f(s,v) = 0Oaf (s,v) Vu(z) (here 0 denotes the partial deriva-
tive with respect to the second argument) and Oy f is uniformly continuous in compact

sets. Hence by (H.1),
T /0 * 0uf (5, ve(x)) ds — T - /9 * 8uf (5, v0(x)) ds (2.10)

strongly in L?(U). Then if Vv, converges weakly in L?(U) we have

./u/o z - Vaf(s,v.)dsdr = (2.11)

"1

/M’I‘ - Ve (z) ./0 " 8o f (s, ve(x)) ds dz = /u’I‘ - V() ./0

° Oaf (s,v9(x))dsdx =

/ / "o V.f(s,v)dsdz.
Ju Jo
In order to establish the weak convergence of {v.} in H (1) note that multiplying the

second equation in (1.1) by e and integrating on §2. we conclude that

: .
-/QE ho(z)|Vve|“dz = /Q 6(€)g(ue, ve)ve dT

By our hypotheses and since §(¢) is continuous at € = 0, the righthand term !
the above equality is uniformly bounded in €, and therefore so is ||V ve||z2(q.)- Moreover
v, — Vo uniformly in compact sets of U/ hence ve is bounded in H*(U). It follows that
ve — vo in H'(U) and so Vve — Vg in L*(U), as we wanted.

Passing to the limit in (2.7), as ¢ — 0, and using (2.6), (2.8), (2.9) and (2.11) we

obtain

g = /au:r; i /GuO(Z)f(s,vo(a:))ds ds
- et
— /ua{/o z - Vif(s,v) + Nf(s,v)ds}dzr
B(z)
- /u,g{/o z-Vaf(s,v0) + Nf(s,v0)ds}dz.

B(z)
We will rewrite this expression remarking that if F° (B(z)) = /0 f(s,vo(z))ds then

div (zF(B(z)) = N F(B(z)) + = - V.F(B(z)) =
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N F(B(a) + 7 [/ (Bla) (e VB + [ Vaf(s,10()d)}

with an analogous formulation for a. So we obtain
0= / z -7 F(uo(z)) dS — / {div(xF(a(z)) — f(e,v0)Va - z} dr—
Jou JUe

./Mﬂ{div(mF(ﬂ(m)) _ (B, u0)VB -z} da.

Since f(a,vo) = f(B,v0) = 0 the Divergence theorem implies

B(=)
//() (s,v0(z))ds } = - dS = 0. (2.12)

In order to obtain (2.1) it suffices to follow above procedure with z - Vv replaced

with (z + p) - Vv, with p being an arbitrary N-vector. We end up with the following

equation
B(z) X
/ /()fsvo V)ds} (z+p) -7 dS=0.
Since p is an arbitrary vector, (2.1) is proved. | (]

Remark 2.2 Condition (H.2) is satisfied in OU if {1V Yoce<eo can be controlled there.
For example, if ||Vue(z)| = o(e™Y/?), uniformly in 0 < € < €, in some neighborhood of

OU, then (H.2) holds.

Remark 2.3 In [3], instead of (1.1) the following scalar problem was considered

e div (b (z)Vve)+f (2, ve) = 0

A, (2.13)
£ =0, for z€0d)

on

where Q. C RY. It was assumed that f(z, ) = f(z,B) =0, Vx € Q, for two constants o

and 3, a < B.
Under these conditions it was proved that if the above problem possesses a e-famaly
of solutions which is bounded in Q, uniformly in € and develops an internal transition

layer with interface I' C Q then
lir%zslv%(:l:)l2 =0, uniformly in OS2
E—

It turns out that the proof about convergence of the gradient on the boundary provided

in [3] can be of assistance here. Following the procedure set forth therein it can be shown
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mutatis mutandis that if in the hypotheses of Theorem 2.1, a(r) and B(zx) are constant

functions, then

1’111(1)5|Vu5(.’c)|2 =0, uniformly in OU.

Therefore (H.2) is automatically satisfied.

The key point when adapting the proof provided in [3] to the case presented here
s the observation that in [3] the above uniform convergence on 62 was obtained using a
blow-up technique and some Schauder-like estimates. This in turn was possible because
the functions o and 3 were constant, u, was bounded in Q uniformly in € and u, converged
to ug on O uniformly. In the present case the last convergence on the boundary U can
be obtained, in view of Definition 1.1, through an argument like the one used in the
beginning of the proof of Theorem 2.1.

Consequently, when « and ( are constant, Theorem 2.1 can be restated without

the awkward condition (H.2), as follows.

Corollary 2.1 Let {(uc,ve)}es0 be a family of solutions to problem (1.1) which develops
internal transition layer, ase — 0, inU with interface ' and limat (uo(z),vo(x)) satisfying
f(ug,v0) =0, a.e. inU, whereU is an open tubular neighborhood of T' such that U C S,
0 < € < &g, for g9 small enough.

Moreover suppose that (H.1) is satisfied and that o and 3 are constant functions.
Then

) ’3 .

/F / f(s,v0(z))ds #(z) dS = 0.

[e3
Working towards the application that will be presented in the last section, we now
state some consequences of the above result which can be obtained under some additional

hypotheses.

Corollary 2.2 Let {(ue,ve)}e>0 be a family of solutions to problem (1.1) which develops
internal transition layer, as e — 0, inU with interface ' and limit (ug(z),vo(x)) satisfying

f(ug,v0) =0, a.e. iU, where U is an open tubular neighborhood of T such that U C €,

0 < e < &g. Suppose that (H. 1) is satisfied and



e 6(e) >0, ase — 0.

Then o s a constant function.
If in addition the nullcline of f (d--—e-f (u,v) : f(u,v) = 0}) intersects {(s,v0) :

a(z) < s < B(z), = € U} in a discret set, then o and B are constant functions and

B
./a F(s,v0)ds = 0. (2.14)

Proof: Multiplying the second equation in (1.1) by v, and integrating over Q,, it yields

[ {-hala) Tuua) -+ 8E)g(u, o)} =0

Our hypotheses imply right away that
/l |Ve(z)|*dz — 0
J e

This by its turn implies that ve — vo in H(U) and so vy is a constant function a.e. inU.
Recall that u, — uo where ug is given by (1.2). By hypothesis {s; f(s,v9) =0} is a
discret set. But o and [ are continuous functions and therefore are constant on . Thus
by (2.1) we will have
/F /aﬂ{f(s,vo)ds} z-fdS=0
But /Fgr . dS = -/Or‘ div = dv = N|Or| # 0, where Or stands for the open regior}

B
enclosed by I'. Hence / f(s,v0)ds =0 |

Remark 2.4 Equation (2.14) is sometimes referred to as the vo-level equal-area condi-
tion for f(-,v) with its obvious counterpart for scalar equations. It appears in several
works which give sufficient conditions for the ezistence of internal transition layer either
in systems or in scalar equations. See (1], (2], [4], [5], [§] and [11], for instance. In
[3] it is shown that a generalization of the equal-area condition. is actually a necessary
condition for the formation of internal transition layer for solutions of (2.13). In partic-
ular, when f does not depend on the spatial variable we recover the equal-area condition
P f(s)ds = 0. Thus when this condition does not hold (for scalar equations) we should
have formation of boundary and/or spiky layers. This problem has been addressed in [6]
and [7].

The present work seems to be the first attempt to investigate the necessity of such

condition for systems to develop internal transition layers.
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3 Application
In [9], Nishiura and Suzuki considered the following model system of reaction-diffusion

w = e2Du+f(u,v),
v, = DAv+g(u,v), (z,t) € Qx (0,00) (3.1)
ou  Ov

55=55=0’ (z,t) € 0Q x (0, 00)

where « is the activator, v is the inhibitor,  is a smooth domain in RN v>0,D>0
and ¢ a small positive parameter. The nullcline of f is sigmoidal and consists of three
smooth curves u = h_(v), u = ho(v) and u = hy(v) defined on the intervals I, Iy and
I, respectively. Also if min/_ = v and max], = T then the inequality h_(v) < ho(v) <
hy(v) holds for I* = (v,v) and hy(v) (resp., h- (v)) coincides with hg(v) at only one
point v = ¥ (resp., v = v), respectively.

Therein, (3.1) is assumed to satisfy a set of hypotheses, which we denote by H,

among which we mention the following one concerning f:

(Q.1) J(v) = j:_*((:)) f(&,v)d¢ has one isolated zero at v = v* € I* such that %ﬂ- < 0 at

v = v*.

Under the hypotheses H, they prove that if (3.1) has an e-family (U, V) of stationary
matched solutions of order 1 whose a*-level surface S, of Ue is smooth up to € = 0, then
it must become unstable for £ small.

Here o* an intermediate value between the two stable branches of the nullcline of
f. Also by “smooth up to € = 0” it is meant that there exists an (N — 1)-dimensional
smooth compact connected manifold Sp without boundary in RN such that S, L

Therefore the question arises as to what happens with the configuration of a e-
family (ue,v,) of matched stable stationary solutions to (3.1). As said in [9], their result
suggests that stable patterns somehow must become very fine and/or complicated as
e — 0.

Actually based on the balance of the bulk force and the mean-curvature effect
they formally derive that the rate of shrinking of stable patterns is of order gl/3. See

[9], p. 1103. Hence by a suitable scaling, the resulting rescaled equations capture the
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morphology of the magnified patterns. This has been accomplished in [10], where after
performing the change of variable X = ”;—}72— for a suitable z* € R, the rescaled system

becomes
oy = E2Au+ f(4,9),
Ve, = DAG+Eg(@,7), (X,t) € Qe x (0,00) (3.2)
T _ B0, (x,)eanx (0,00)

where & = £2/3 and the rescaled domain {2, satisfies €2, =29 Q) with Q < 0.

It follows from the above argument that if T def {X € Q. : 4, = a*} then there
exists an (N — 1)-dimensional smooth compact connected manifold I'g without boundary
such that I'¢ sl To.

The convergence €2, £29 () may be any one as long as there is a tubular neighbor-
hood U of Ty such that U C Q, 0 <€ < €, for £y small enough.

As a matter of fact, in [10] the rescaled system (3.2) is considered in the rescaled
limiting domain Q, rather than in €.

It turns out however that the system for the stationary solutions to (3.2) is just

(1.1) when hy = 1, hy = D and 8(€) = €, namely,

ENT+f(1,7) =0, X €Q

DAU+Eg(,5) =0, X € (3.3)
ou 0v
—=—=0, X €
om0 S
Thus Corollary (2.2) applies to (3.3) with %y = v*, a = h_(v*) and B = hy(v*), thus

yelding J(vo) = 0.

Summing up the heuristic argument shown in [9], p. 1103, along with Corollary
9.2 strongly suggest that if (ue,ve) is a family of matched stable stationary solutions to
(8.1) which is bounded in (1, uniformly in € and such that (i, Te) develops an internal
transition layer (in the sense of Definition 1.1), then necessarily ve — vo, as € — 0,
where vy is a constant such that J(vo) = 0.

It is worthwhile to emphasize that the formation of internal transition layer, in the
sense of Definition 1.1, implies that any p-level hypersurface of ue, a < p1 < 3, which lies
in U, converges uniformly to the interface, i.e., I'c ot o, uniformly. The last assertion

has been assumed in [9] and [10].
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Note that the case in which To N 92 # 0 has been ruled out although when h,

and hy are constant functions this is more likely to happen. The analysis poses some

additional technical difficulties and will be done in another work.
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