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Resumo

Neste artigo estudamos a existéncia de solugbes regulares para um tipo de
equacdes funcionais parciais quase lineares do tipo neutro com retardamento nao
limitado que podem ser modeladas na forma %(m(t) + F(t,z1)) = Az(t) + G(t,z¢),
onde A é o gerador infinitesimal de um semigrupo fortemente continuo de operadores
lineares limitados num espaco de Banach X e F, G sdo fungdes apropriadas.



Regular Solutions for Partial Neutral Functional
Differential Equations with Unbounded Delay.

Eduardo Herndndez M.*

AMS-Subject Classification: Primary 35R10, 34K30; Secondary 34K40.

Keywords: Functional differential equations, semigroups of bounded linear operators,
regular solutions.

Abstract

We prove the existence of regular solutions for a class of quasi-linear partial neu-
tral functional differential equations with unbounded delay that can to be described
as the abstract functional differential equation 4 (z(t)+ F(t,z)) = Az(t)+G(t, z¢),
where A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators on a Banach space X and F', G are appropriated functions.

1 Introduction

The purpose of this paper is to prove the existence of regular solutions for a class of
quasi-linear neutral functional differential equations with unbounded delay that can be
described in the form

%(m(t) + F(t,z;)) = Az(t) + Gt zr), t>0,

(1)
T, = @€ B,

where A is the infinitesimal generator of an analytic semigroup of bounded linear operators
(T'(t))>0 on a Banach space X, the history ; : (=00, 0] = X, z(0) = z(t+0), belongs to
some abstract phase space B defined axiomatically, @ C B is open and F,G : [0,T] x Q —
X are appropriate continuous functions.

Equation (1) is called Abstract Neutral Functional Differential Equation with Un-
bounded Delay (ANFDE). The results obtained in this paper are the continuation of the
work of [HH1], [HH2] on the existence of mild, strong and periodical solutions for the
Neutral system (1). For the theory of abstract retarded functional differential equations,
ARFDE, we refer the reader to [KP], [KM], [DP], [P] for the basic properties in the case
with finite delay, and to [HK],[HH1], [HH2], [DL], for the case with unbounded delay.
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Throughout this paper, X will be a Banach space provided with norm || - || and
A: D(A) — X will be the infinitesimal generator of an analytic semigroup T' = (T'(t)):>0
of bounded linear operators on X. For the theory of strongly continuous semigroup, refer
to Pazy [PA] and Krein [KE]. We will point out here some notations and properties that
will be used in this work. It is well know that there exist constants M and w € IR such
that

| T(¢) I< Me™, t>0.

If T is a uniformly bounded and analytic semigroup such that 0 € p(A), then it is possible
to define the fractional power (—A)%, for 0 < a < 1, as a closed linear operator on its
domain D(—A)®. Furthermore, the subspace D(—A)* is dense in X, and the expression

I lla=Il (-=4)%z ||

defines a norm in D(—A)®. If X, represents the space D(—A)* endowed with the norm
| - |l then the following properties are well known [PA], pp. 74:

Lemma 1 If the previous conditions hold:
1. Let 0 < < 1. Then X, s a Banach space.
2. If 0< B < athen X, — Xp is continuous.

3. For every constant a > 0, there ezists C, > 0 such that

| (AT < 2, o<i<a

4. For every a > 0 there ezists a positive constant C, such that

I(T(t) = D(=A4)™" [|[< Cqt?, 0<t<a.

In this work we will employ an axiomatic definition of the phase space B introduced by
Hale and Kato [HK]. To establish the axioms of the space B we follows the terminology
used in Hino-Murakami-Naito [HMN], and thus B will be a linear space of functions
mapping (—oo,0] into X, endowed with a seminorm || - ||z. We will assume that B
satisfies the following axioms:

(A)If 2 : (00,0 +a) = X, a > 0, is continuous in [0,0 + a) and =, € B, then for
every t € [o,0 + a) the following conditions hold:

i) z; is in B.
i) || z(t) [|I< H || z¢ |5

iii) ||z, [|< K(t = o)sup{]| z(s) - 0 < 5 <t} + M(t = 0) || 2o ||,



where H > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M is locally bounded
and H, K, M are independent of z(-).

(A — 1) For the function z(-) in (A), z; is a B-valued continuous function on [0, 0 +a).
(B) The space B is complete.

For the literature on phase space, we refer the reader to [HMN], while noting here that
from the axiom (A — 1), it follows that the operator functions S(-), W(-), given by

©(0) for —t<0<0,
(S(t)e)(0) = { (2)
o(

t+0) for —oo< < —t,
and

T(t+0)p(0) for —t<6<0,

(W(t)p)(0) := (3)
p(t+6) for —oo <8< —t,

are strongly continuous semigroups of bounded linear operators on B. We will denote by
Ag and A the infinitesimal generators of S(-) and W(:) and by D(Ags) and D(Aw ) their
respective domains.

To obtain some of our results we will require additional properties for the phase space
B, in particular we consider the following axiom ( see [HE1], pp. 526 for details);

(C3) Let a> 0. Let z : (—oo,a] — X be a continuous functions such that zo = 0
and the right derivative, denoted £(07), exists. If the function v is defined by ¥ (6) = 0
for # < 0 and (0) := £(0) belongs to B, then || (3)z, — ¢ ||5— 0 as h — 0*.

On the other hand, for a linear map P : D(P) C X — X and ¢ € B, we denote by
Py the function defined by Py(f) = P(p(f)) for all —co < # <0 and forany 0 < o < 1
we use the notation B, for the vector space

Bo ={(-A)*0:p € B}.

It is easily to prove that B,, endowed with the seminorm defined by

1% llsa:=Il (=A)%¢ |5,

is a phase space of functions with values in X,,.

The paper is organized as follows. In section 2, we define the different concepts used in
this work and establish the existence of N-Classical and Classical solutions for the initial
value problem (1) . Our results are based on the properties of analytic semigroups and the
ideas contained in [PA] chapter VI. Also in section 2 we cite reference for an application
of our results to an abstract Volterra integrodifferential equation.

Throughout this work we assume that X is an abstract Banach space. The terminology
and notations are those generally used in operator theory. In particular, if X and Y are
Banach spaces, we indicate by £ (X : Y') the Banach space of the bounded linear operator



of X in Y and we abbreviate to £ (X) whenever X =Y. In addition B,(z : X) will
denote the closed ball in the space X with center at z and radius r.

On the other hand, for some bounded function & : [0,a] - X and 0 < 0 < ¢t < a we
employ the notation

1 €C) lliea= sup{ll £(s) [|: s € [o,¢]} (4)

and we will write simply || € ||, for || £(-) [|jo,5) when no confusion arises.

If z € X we will use the notation y, for the function x, : (—00,0] — X where
xz(8) =0 for § < 0 and x,(0) = .

Finally a function f : I C IR — X is an a-Hoélder continuous if there exists a positive
constant L > 0 such that

[ f(s)—F@)[ISL|t—s|% stel

In what follows, C%*(I : X) denotes the space of the a-Holder continuous functions from
I into X.

2 Regular solutions

In this section we will study the regularity to the mild solutions of the abstract Cauchy
problem (1). Our results are based on those of the regularity of mild solutions to the
abstract Cauchy problem

&(t) = Az(t) + f(t)
(5)
2(0) = a5

whose properties are well know [PA]. By analogy with the abstract Cauchy problem (5)
we adopt the following definitions:

Definition 1 We will say that a function z : (—co,0+a) = X, a > 0, is a mild solution
of the abstract Cauchy problem (1) if: z, = ¢, the restriction of x(-) to the interval
[0,0 + a] is continuous and for every o <t<o+a

z(t) =T(t - 0)(p(0)+ F(o,9) — F(t, ;) — [L AT (t — s)F (s, z,)ds
(6)
+ [P T(t - 5)G(s, z5)ds.

Definition 2 We will say that a function z : (—co,0 +a) — X, a > 0, is a classical
solution of the abstract Cauchy problem (1) if: z, = @, the restriction of z(:) to the
interval 0,0 + a] is continuous, z(t) € D(A) for all t € (0,0 + a),  is continuous in
(0,0 +a) and z(-) satisfies the equation (1) in (0,0 + a).

Definition 3 We will say that a function z : (—oo,0 +a) = X, a > 0 is an N-classical
solution of the abstract Cauchy problem (1) if: z, = ¢, the restriction of z(-) to the
interval [0, 0 + a] is continuous, ©(t) € D(A) for all t € (0,0 +a), £(z(t) + F(t,z)) is
continuous in (0,0 + a) and z(-) satisfies the equation (1) in [o,0 + a).



The existence and uniqueness of a mild solution of system (1), under application of
the contraction principle, was proved in ([HH1]). More precisely:

Theorem 1 Let ¢ € Q and assume that the following conditions hold:

a) There exist B € (0,1) and L > 0 such that the function F is Xg-valued and satisfies
the Lipschitz condition

| (=AY F(t,41) — (AP F(s,92) IS L(|t = s |+ (| ¥ — %2 lI5) (7)
for every 0 < s,t < T, 11,12 € Q and

K@OL| (-4~ l<1 (8)

b) The function G is continuous and there exist N > 0 such that
1 Gt 1) = G(s,92) IS N(|t =5 [+ [ ¥ =2 [|5) (9)
for every 0 < s,t <T and Yy, € Q.

Then there exists a unique mild solution z(-, @) of the Cauchy problem (1) defined on
(—oco,0 + 1), for some 0 < r < a—o. Furthermore, if 2 = X then r can be chosen as
r:=min{a — o,r0} where vy is a constant, independent of o and .

Remark 1 Clearly the assertions in Theorem (1) remains true if the assumptions on F
and G are substituted by locally Lipschitz conditions, in particular if (—A)ﬂF and G are
continuously differentiable in (0,0 + a] x Q.

Remark 2 In the rest of this work, to simplify notations, we only consider the case o = 0.

Now we establish a first result about the existence of regular solutions; the existence
of N-classical solution.

Theorem 2 Assume that there ezist constants 0 < a < f < 1,0 < v < 1 and an open
subset Qo C X4 such that F: Qo — D(A) and G : Qo — X are continuous functions and
that the following conditions holds:

a) The function F' is Xg-valued and there ezists L > 0 such that

I (A F(t,41) — (AP F(s,) | < Lt =s|"+ || 1 = ¥2 ll5.)

| G(t, 1) = G(s,2) | < Lt =s["+ || Y1 — %2 ||5.)
for every 0 < s,t < T, 1,92 € Q4.
b) K(O)L || (-A)** < 1.

Let ¢ € Q. If the function W (-)(—A)%p is £-Hélder continuous in the interval [0, T]
and B+ Min{B—a,1—«a,&, v} > 1 then there exists a unique N-Classical solution z(:, )

of the abstract Cauchy problem (1) defined on (—00,b), for some 0 <b <T.
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Proof: From our assumptions on the operator A, see lemma (1), we fix positive constants
C, > 0 and C,y1_g such that for all ¢ € (0,7

| (=A)*T(t) |< Cat™
and
| (—A) AT () || Cogr—pt™FF),

Let by > 0 and 6 > O such that V = {(5,4) : 0<s<by, ||[¥—¢|<d} C[0,T]xQq
and p = Ky, || (=A)*# || L < 1. Now we choose 0 < b < by such that

I WA )~ (~4%) s < 2225 1), (10)

Kusumes | TO)(~A)0(0) - (~4)1(0) | < 225 ()
Kosupacos || TO)(~A1F(0,¢) ~ (~APFO.0) | < =g (12)
KL || (—4)*8 | b < (1;"‘)5, (13)

T KCan s (107 +0)+ | (~APFO0) I} < S5 14
K0 L7 + )+ G0 1) < S, (15)

Ko(Cassm 1L;ﬁ—a + Cals il c;) < (1;”). (16)

In the space Y = C([0,b] : X') provided with the topology of uniform convergence, we
define;

Alp,a,b) ={u €Y : u(0) = (=A)%0(0), || (-A)*¢ - [ls<d Vie[0,0]},

where @ is the extension of u to (—oo,0] with @y = (—A)*p. Clearly A(p,a,b) is a
nonempty, convex and closed subset of Y. On A(¢p, «, b) we define the operator ® by the
expression

(u)(t) = T@E)((—A)(p(0) + F(0,9)) = (—A)*F(t, (- A) ")
+/ _A) =BT — 5) (= AP F (s, (—A)"*T,)ds

+ / A)T(t - 5)G(s, (—A) ™) ds.

In order to use the contraction mapping principle, we now show that the range of ® is
included in A(y, a, b). To this end we introduce the functions yq, z; : (=00, ] — X where
Ya(t) = T(t)(=A)*p(0) for t > 0, (ya)o = (—A)*¢ and

= T(t)(—A)*F(0,9) — (—A)*F(t, (—A) ™),
- /0 (—A)HBT(t — 5)(—A)PF (s, (—A) ™) ds

2\ (t)
)
Alt) = /Ot(—A)aT(t—s)G(s,(—A)‘aﬂs)ds

6



for t > 0 with z{ = 0. Clearly
O(u)(t) = ya(t) + 2'(t) + 2°(t) + 2°(2) (17)

in [0,b] and ®(u), = (ya): + 2 + 22 + z}. With the previous notation for ¢ € [0,b] we have
that,

I 8(w), = (4@ lls < | Wa)e = (=A% lls + 1 2 s + 1 & s + 1 2 5. (18)

Using axiom (A) concerning the phase space, we estimate each term on the right side
of (18) separately. Directly from the choice of b we get the estimate

1 —
I e = (—4)% s < | WO(-470 - (- s < E225 q)
On the other hand, for ¢ € [0, b]
I 2 ls< KoSupaeion || 265 | (20)

and for s € [0, ]
[286) | = [ T(s)(=A)*F(0, ) = (=A)*F (s, (—A4) ™) ||
| T(s)(=A)*F(0, ) — (—A)*F (0, ) |
+ [ (=A)*F(0, ) — (=A)*F(s, (=A)"%s) ||

Q=15 ()P | (~A)PF(0,0) — (~AY F(s, (—A)L) |

IN

<
- K6
(1 - /‘L)(s A a—p ! ~
< + L (A" [ {o+ || (=A4)%¢ — @ [|s} (21)
K6
hence 21 )
— i o
122 (s) IS =50+ L1l (=4) ‘e (22)
b
Using (22) in the inequality (20)
2(1 -
I 2 o< 2054 (23)
Now, for the function 2%(-) we have that
I 2} 115< KoSupsepo || 2°(s) | (24)

and for s € [0, t]

1261 < [ 1 (=4 T(s = ) (~AP F(6, (~A) ™) | do
< [T (=A)PT(s = 6)(—AVF (O, (~A)°%) — (~4VF(0,0)) Il 48

+/OS | (=A)*t T (s — 6)(—A)PF(0,9)) || dO

Ca-i-l—ﬁ ~ o
< g LT | e = (—A)% |ls)df
p-e
o Cari-s | (—A)°F(0,¢) |
8-«
PN O s | (—AYPF(O, ) |
< L(b+)ﬁ—a a+1—ﬁ+ﬁ—a at1- | ) |l -

7



Employing the last inequality in (24) we obtain that;

12 1S T KiCounoalL07 + 14 | (=P PO < S52s s)
Similarly for 22,
| 2 ls< KoSupicng 1| 265 | (26)
and for s € [0, ¢]
1261 < [ 1A T(s - 0)(G(6, (—4) %) - G(0,¢) || do
+/ | (~4)°T(s = 6)G(0,¢) || 40
< [ IR0+ 0+ ot | G(0,0) |
< LU+ 00k 4 Col [ G0,0) | (27)
Therefore from (26)
I 2 o< Kot Cul LG0T + )+ 1 G0,9) I} < L2 85 (29

6
Combining (17), (19), (23), (25) and (28), we conclude that ®(u) € A(p, a,b).
Now we prove that ® is a contraction operator. Let u,v € A(yp, ¢, b), so that

| @(u)(t) — 2(v) (@) |

< (A, (~A)™00) — (—A)F(t (-4) %) |
+ [ 1 (AP = 5) (AP Fls, (—A) ™) = (~AVF(s, (~4)™5) || ds
+ [ 1 (ATt = 5)(Gls, (- A)°0) = Gls, (~4)3,)) | ds
< AP =+ | 2 =5, s
+ [ s = s o
Therefore

w bﬂ—a bl—a
| Du — @v [,< Ky || (—4)7 || L+ Ca+1—ﬂLﬁ — tCaly——) lu—vl.  (29)

From the choice of b, (29) and the contraction mapping principle, we can conclude that
® has a unique fixed point z(-) in A(p, @, b).

From the assumptions on F and G, it follows that the functions t — F(t, (—A)™%Z;)
and t — (=A)PG(t,(—A)~%Z,;) are continuous and bounded in [0,b]. In the following N
will be a positive constant such that

I (AP Ft, (-4)™2) | < N,

(30)
|G(t,(-4)™ ) || < N

8



for all t € [0,b]. Next we will prove that the functions t — (—A)PF(t, (—A)~*Z,;) and
t — G(t, (—A)~°%;) are Holder continuous in [0,b]. From Lemma (1) and the condition
B+ Min{f—a,1-0qv}>1wefix0<9< inf{l — o, — a} with 9+ 8 > 1 and
C > 0such that forall0 < s<t<band0<h<1

I (T(h) = D(=A)T(t—s) || < Ch(t—s)"*), (31)

I (T(R) = (AT PT(t—s) | < Ch'(t—s)l@r1=+7), (32)
For t € [0,b) and 0 < h < 1 with ¢t + h < b we have that:

I z(t+h) —=(t) |

< T+ R)(=A)%0(0) = T(2)(=A)*¢(0) |
+ || T+ h)(=A)*F(0,9) = T()(=A)*F(0,¢) |
+1 (= )“F(t+h (—A)"Zeen) — (A F (@, (A) 72 |

+ [ 1 (~A)y 15T (R) - DT - 5)(~AP Fls, (~4)28.) | ds
t+h

+ / A)FBT (¢ 4 h— s)(— AV F(s, (~A)™°F,) || ds

+/ | (=A)*(T(h) = DT(t — $)G(s, (~A)=°F,) || ds

+/”h ATt + h— 8)G(s, (—A)~%,) || ds.

We estimate each term on the right side of the last inequality separately. Clearly there
exists positive constants C, Cs, independent of A > 0, such that

Li(t,h) < Ciht (33)
and
L(t,h) < Coh'™@ (34)

for all ¢t € [0,b) and 0 < h < 1.
For the third term

Iy < |[(A)FE+h (=A) Teyn) — (A)F (@, (—A)7°Z) ||
< (AP (APt + Ry (=A) % Tign) — (AP F(, (-A) 72, |
< AN LA+ || e — 3 lls)
< AN LR+ || (AP LMy (Il 2 = (=A) % [Is +
+ | (=4)* 7 || LKy Sup | z(6 + h) —=(0) ||
equivalently,

I < Ceh+ || (A7 || LM, ||| 2 = (=A)%@ ||
(35)

+ || (=A4)*7P || LKy supgepg || 2(6 + h) = 2(9) |

9



for every ¢t € [0,b) and 0 < h < 1.
With respect to the fourth term, for ¢ € [0,b) and A > 0

o= [ @0 - DA AT - o) (AP Fs, (-4)z,) | ds
t  WNC

/0 (t — s)a+1-B+7
tﬁ—a—ﬂ

B—a—1

ds

CNK’

and therefore
I, < Ch°. (36)

where Cy is independent of ¢ and .
For I5 we have that

s [ AT+ R ) (AP F(s, (~4)7,) | ds

ame
< Ca_H_gNIB < C’shl9

_a_

then
Is <O’ (37)

where Cj is independent of ¢ € [0,0) and 0 < h < 1.
In a similar manner we can prove that

Is < Csh? (38)

I; < C7h? (39)

where Cg and C7 are independent of ¢ € [0,0) and 0 <h < 1.
Using the previous estimates, it follows that there exists C; > 0, independent of
t € [0,b] such that for 0 < h <1 with0 <t+h <),

lz@+h)—2z@) | < G+ ML (=47 | & - (-4 |Is
+ | (=4)*" || LK, Sup | 2(6 +h) —=z(0) |

consequently

C\h? ML
< +

206+ 1) = 2(6) lloa< T + 72 | (Al & = (=470 s (40)

since 0 < u = Ky, || (=A)*=# || L < 1. Moreover, using the definition of y, and reiterating
the previous argument it is possible to show that

I2n = (=A@ lls <[ W(R)(=A)% — (=A)%¢ |5 + Zizy || 2 IIs
(41)

< Cghé+ || 2} ||s +Coh?.

10



Now from axiom (A)
I 2 15< Knsupseon || T(s)(—A)*F(0, ) — (=A)*F(s, (=4)7°Z,) | (42)
and for 0 < s < h

| T(s)(=A)*F(0,¢) — (=A)*F (s, (-A)*Zs) ||

< I T(s)(=A)*F(0,9) = (=A)*F(0,0) [| +L || (=A)* P Il (=4)*¢ — Z ||
< Cuh ™+ L[ (=4Il (-A) %0 — & ||s -

Employing this last inequality in (42), it follows that:
| 2 8< KoCroh'™* + KoL || (=A)*77 [IIl (=A)*¢ = &+ [lreo,n - (43)

From (43), (41), the choice of b and the fact that ¥ < Min{f — a,1 — a,&,~}, for
0 < h <1 we have that

| zn — (=A)%¢ lon< Cuuh’® + KL || (A Il (—A)%¢0 = Z; ||reo (44)
and thus

1-—

The inequalities (45) and (40) show that there exists Cj2 > 0, independent of 8 € [0, b)
and 0 < h < 1, such that

| 2n— (—A)%p [ls< -1 il (45)

I 2(0 + k) = 2(0) I< Crzh? (46)

where ¥ < Min{f — a,1 —a,&,v} and 9+ 3 > 1.
From (45), (46) and axiom (A) it easily follows that functions (—A)PF (¢, (—A) ™)
and G(t, (—A)™z,) are ¥-Holder with 9 + 8 > 1. Let the function y(-) be defined by

y(t) =T @) (p(0) + F(0,9)) + F(t, (-A4)7°T)
+ JH(=A)PT(t — s)(—A)PF (s, (—A)°,)ds (47)

+ [ET(t - 5)G(s, (—A)~°,)ds.

The lemma 2 in [H3] implies that y(t) — F(¢, (—A4)~*%;) € C*((0,b) : X) and that y(t) —
F(t,(—A)~*z;) € D(A) for all t € (0,b). Operating on (47) with (—A)® we infer that
(—=A)*y = z and then y(t) — F(t,y:) € C*((0,b) : X). The above remarks prove that y(-)
is a N-classical solution for system (1). This completes the proof.

In the rest of this paper, for a function j : [0,7] x B — X and h € IR we use the
notation dj for the function

Onj(t) = j(th)L_j(t)-

Moreover, if j is differentiable we will employ the following decomposition

](t+371/))_](t7w) :Dl.](taw)3+Wl(]7t7svw) (48)

11



and

J(t, 0+ 1) — 5(t, %) = Daj(t, ¥)r + Wa(3, t, 9, 41) (49)
where
W1(j:ta5,¢) 0 ’Lf S — ¢
|t —s]|
Wl(jata"/}awl) .
To—tls = 0 7 #7¥

Corollary 1 Assume that ¢ € D(Aw), that F' is continuously differentiable in [0,T] x Q
with DF(o,p) = 0 and that G satisfies a Lipschitz condition in [0,T] x Q. If xg(,) € B
and B satisfies aziom (Cs) or if G(0, ) = 0, then there ezists a unique classical solution
of system (1) defined in [0,0] for some 0 < b < T.

Proof. Let y(-) be the mild solution of (1) and 0 < 2b < T such that y(-) is defined in
(—o0, 2b] and
w=Ku sup || DoF(t, ) lles)< 1 (50)
t€[0,20)

It is clear that for A > 0, 9xy € C([0, ] : X). Moreover Oy is convergent in the space
C([0,b] : X) as h — 0. In fact, for positive numbers h,h and t € [0,b) we have that

| Ony(t) — Oy (@) I < |l Onp(t) — Frp(2) |l )
F(t + h: yt+h) - F(t, yt) _ F(t + h’ yt+ﬁ) - F(t, yt)

From the proof of Theorem (2) and the fact that ¢ € D(Aw), we can to infer that
p(-) € C*([0,b] : X). Now, using the differentiability of F' and the previous notations, see
48, 49,

| Ony(t) — 85y (t) || < || Owp(t) — Ojp(t) || + || D1F(t, Yerr) — DiF(t, Y,y 7) |
+ || DoF (8, ye)(Lt =Yt _ Jesh — Sty

h h
WI(F) ta t+ h: yt+h.) WI(F) ta t+ B, yg+ﬁ)
+ “ i - FL ”
WaoF, tye, yern) Wl 6y, v 7)
el AR T

Employing axiom (A) in the last inequality, we have

10005 o < = 1100 = 040 b+ = | DLF (s, 3s4a) = DiF(5,34s) s

M, Y — I

— 1 4

1 W1 (F, 5,8+ h, Ys+n) B Wi(F,s, s+ h, Ysiii)

L | - 3

+ 1 H I/V2(F73ays,ys+h) . W2(F,3,~ys,ys+il)
1—p h h

+ 22 | DoF (s,30) [l 25 5

Il sefo,6)

||s€[0,b] :

12



It is clear that || 9yp(t) — O;p(t) |ljo,y— 0 as A — 0 and h — 0. On the other hand,

WI(F7 8,8+ h7 ys+h)

- —0

uniformly for s € [0,5]. Moreover, from proposition (3.1) in [HH1], we know that s — y;
is Lipschitz and thus

WQ(F7 SayS)ys-f-h) — W?(F) 57ys7ys+h) . || Ys — Ys+h ||B
h ” Ys — Ys+h HB h

— 0,

uniformly for s € [0,b]. The above remarks permit us to rewrite the last inequality in the
form

M Yn — Yp —
0wy = 05y o< x(h) + 7= | DaF(s,ws) Ibll #5=5 = #=E s (51)

where x(h) — 0 if » — 0. Clearly, 8y will be convergent in C([0,b]:X) if A~ (y, — ¢) is
convergent in 3. Next we will prove this convergence. For A > 0 we consider the following
decomposition

Yh—9 W (h)p— zj+22 42}
” R AW(‘P) — XG(0,») ”B :“ h(p = AW(SO)"‘ h : — XG(0,p) ”B
Z1 22
<|| =2 — Ay () || + || 22 || (52)

3
+ |l fflf = XG0 |l
where 2z = 0 in (—o0, 0] and

Z'(0) = T(O)F(0,9) — F(0,y)
2(0) = / (—A)'PT(0 — 5)(—A)PF (s, z,)ds

20
206) = / T(0 — s)F(s, z,)ds.
0
for 6 € [0, b]. We estimate each term of (52) separately. Clearly
Li(h) =0 as h—0 (53)

since ¢ € D(Aw). On the other hand, directly from the condition xg(o,y) = 0 or from the
axiom (C3) in the case G(0, ) # 0 and Xxg(o,0) € B, it follows that

L =0  if k-0 (54)

For the second term we have that

L(h) < Kyl || (T(6) — DF(0,9) + Jo (=A)"PT(0 = s)(=A)°F (5, ys)ds lloefon )

+ Kt || F(0,0) — F(0,90) llocon)

13



and for 6 € [0, h]

% | (T0) - 0¢+/ A)PT(0 — 5)(—A)PF (5, y,)ds |
< h/|| A)'PT(0 — 5){(~ AV F(s,5,) — (~A)PF(0, ¢) ||}ds
< / SE ﬂL 5(s7+ [l o —ys [IB)ds

C1 51:
< i
< h/ T g (7 + Chyds
hB
g

where we used the Lipschitz continuity of s — y,, consequently

< —01 sL(h7 + h)—

LIl @@ - DF©,0) + [ (~4)PT(6 ~ )(~APF(s,5)ds |50 (56)

if h — 0 uniformly for 6 € [0, h] since 8+ Min{f —a,1—a,v,£} > 1. On the other hand
F(0,0) =~ F(B,ys) 8

7 w 0 (57)
if h — 0, since DF(0, ) = 0. Using (56) and (57) in (55), we conclude that
L(h) =0  h—0. (58)

Finally the convergence of h=!(y, — ¢) follows from (53), (54), (58) and (52). This
complete the proof of the corollary.

The next result establishes the existence of classical solutions for the neutral system
(1), making use of usual regularity assumptions for the functions (—A)?F and G.

Theorem 3 Let ¢ € D(Aw)NQ and assume that (—A)PF and G are continuously dif-
ferentiable in [0,T) x Q, that F is D(A)-valued continuous with D((—A)PF)(0,¢) = 0
and that K(0)L || (—=A)*7? ||< 1. If Xc(oe) = 0 or if Xc(o,0) € B and B satisfies aziom
(Cs), then there exists a unique classical solution of the system (1) defined in [0,0] for
some 0 < b<T.

Proof. Let u := u(-, ) the mild solution of (1). In the following we assume that u(:) is
defined in (—o0, 2b] where 0 < b < T and

p= K || D2F (s, us) [lo,26< 1. (59)
Let z(-) be the solution of the following integral equation

z(t) =T(t)Ap(0) + h(t) — D2F(t,y2) - 2
JH=A)"PT(t — 8)Da(—A)PF (s, u,) - z,ds (60)
JET(t — s)Da2G(s,us) - 2sds, t>0

14



where
20 = Aw(®) + Xc(0,0) (61)
and
h(t) = —DiF(t,u) + Jy(=A)PT(t — s)D1(—A)PF(s,us)ds
(62)
+ [ET(t — s)D1G(s,u,)ds + T(t)G(0, p).
The existence and uniqueness of local solution to the integral equation (60), (61) is

clear and we omit more details. In the following we assume that z € C([0,0] : X). We
affirm that u(-) = z(:) in [0, b]. In order to prove the assertion, for ¢ € [0,b] and 0 < h < 1

sufficiently small,

| Onu(t) — 2(t) ||

< 17O o) - ap(0) |

+ 1TOED)F0,0) 4 1 [*(A) T+ h— )~ AP F(s,u.)ds |

oo 2EEEh ”t;h) T EGY) | b Rt u) + DaF(tue) - 2 |

* /o (t?ﬁ | On(—A)PF(s,u5) — Di(—=A)’F(s,us) — Da(—A)’F(s,u) - 2 || ds

1 h
+ 07 [ T+ k= )G(s,u)ds - THGO,9) |
h Jo
t .
-+ /0 M || 0,G(s,us) — D1G(s,us) — DaG(s,us) - 2, || ds

With the notations introduced in (48), (49) we estimate each term in the last inequality

separately.
It is clear that

Li(t,h) — 0 as h =0, i € {1,2,5} (63)
uniformly for ¢ € [0,5]. On the other hand for the third term

Il I3 || = | =0nF(t,us) + D1 F(t,us) + DaF(t,ue) - 2 ||

u — U
< || =D1F(t,ueen) + DiF(t,us) || + || DoF (2, u) - (22— — 2,) ||

h
1 1
+ || EW1(F,t’t+ By uggn) ||+ | EWQ(F, t, U, Uern) || -

Moreover from proposition (3.1) in [HH1], the function s — u, is Lipschitz continuous in
[0, 0] then,

Lw | Wa(F,t,ue, wean) || || vern — wi ||
g 0 B : 0 64

15



uniformly for ¢ € [0,b] as h — 0, so that we can rewrite the last inequality in the form

h

| & [1< €lt, W)+ | DaF(tyue) il =5 = 2 ||a (65)
where &5(t, h) — 0 if h — 0 uniformly for ¢ € [0, b].
Using similar arguments, we have for I, that
111 < [ o I D=4 F(s, wa) = Di(~AY s, | ds
+ [ G | Dal =AY (s, ] (2 — 2, [ s

1
+A(H#%M—AVR&8+MHHMH+HEWKFAWRSWMMM)WM
and so, from (64)

|uw<@th+/¥——*—an APF(s,u) Il (<=~ z,) [l ds  (66)

where
if h — 0 uniformly for ¢ € [0, b].

Similarly for I

1 Io 11 (e, k) + [ AT 1 DaGs,w) Il (=2 — ) s ds— (68)

where
€o(t,h) = 0 (69)
if A — 0 uniformly for ¢ € [0, b].

Combining (63), (65), (66), (68) and the first inequality we get

Uth — Ut

| Bhult) = 2) | < €t W)+ || DaF(tyw) ||| == — 2 |
t Ci_p Usth — Us
+ ) o I Dal= AV F(syus) Il (5= = 2,) lls ds
+ [0 1 DaGs,u) ) (=2 ) |1 s

where & (t,h) — 0 if h — 0 uniformly for ¢t € [0,b]. Using axiom (A) and (59) we infer
that,

t,h 1 -
| Onul) = 2() llpg < 517(_ ,U) 5 Mbl - | D2F (s, us) [ljo,4] Uhh 2 5
K t  C)-
b [ P | Da= A Fls, ) ] 0us(0) — (0) I, ds
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v 1 —
+C1pMy s 7= || Da(=APF (s, us) Ibll =5 =2 ls
~ 1 Up —
+OIL My—— || D2G (8, ug) oll (<=—E — 20) llo
1—p h
- 1 t
Ky /0 | D2G(8, ug) oll Onu(6) — 2(8) [lsefo,s] ds.

Clearly dyu(-) = z(+) if h™}(up—p)—20 — 0 as h — 0 and this convergence is consequence
of the estimates in the proof of Corollary (1), see ( 52 )-( 58 ); we omit more details. The
proof of the theorem is complete.

Example 1 We refer to the Ezample (4.1) in [HH1]. The functions F = A; and A, are
linear bounded operators. If

7w r0 T 1 a2b0 2d dgd
/0 [—oo/o m((@? ( an,f)) Ui €<OO

then Ay : B — D(A) is continuous, moreover a simple calculation shows that for

/0" /_Ooo /07r ﬁ(%b(& n,€))dndod¢

sufficiently small, ||(—A)~"||||(-A)"A1||K(0) < 1 for every 0 < v < 1. The ezistence of
N-classical solutions follows from theorem (2) for appropriate ¢ and «, B, in particular
foroe D(Aw) and1 —fB<f—a (orl+a<2B ).

References

[COLA] Corduneanu, C.; Lakshmikantham, V. Equations with unbounded delay: a sur-
vey. Nonlinear Anal. 4 (1980), no. 5, 831-877.

(D] J. Dieudone, Fundation in Moderm Analysis, vol 1, Academic, New York 1969.

[DL] Da Prato, Giuseppe; Lunardi, Alessandra. Solvability on the real line of a class of
linear Volterra integro-differential equations of parabolic type. Ann. Mat. Pura

Appl. (4) 150 (1988), 67-117.

[DP] Dhakne, M. B.; Pachpatte, B. G. On a general class of abstract functional
integro-differential equations. Indian J. Pure Appl. Math. 19 (1988), no. 8, 728~
746.

[GO] Goldstein, Jerome A. Semigroups of linear operators and applications. Oxford
Mathematical Monographs. The Clarendon Press, Oxford University Press, New

York, 1985.

[KM] Grabosch, A.; Moustakas, A semigroups approach to retarded differential equa-
tions. In One-parameter semigroups of positive operators. Lecture Notes in

Mathematics, 1184. Springer-Verlag, Berlin-New York, 1986.

17



[HE2]

[HH1]

[HH?2]

[H3]

[HMN]

[KP]

[KE]

[NACH]

[PA]

[TRW1]

Hale, Jack K.; Verduyn Lunel, Sjoerd M. Introduction to functional-differential
equations. Applied Mathematical Sciences, 99. Springer-Verlag, New York, 1993.

Hale, Jack K.; Kato, Junji. Phase space for retarded equations with infinite
delay. Funkcial. Ekvac. 21 (1978), no. 1, 11-41.

Henriquez, Herndn R. Regularity of solutions of abstract retarded functional-
differential equations with unbounded delay. Nonlinear Anal. 28 (1997), no. 3,
513-531.

Henriquez, Hernan R. Periodic solutions of quasi-linear partial functional-
differential equations with unbounded delay. Funkcial. Ekvac. 37 (1994), no.
2, 329-343.

Hernandez, Eduardo; Henriquez, Hernan R. Existence of periodic solutions of
partial neutral functional-differential equations with unbounded delay. J. Math.
Anal. Appl. 221 (1998), no. 2, 499-522.

Hernéndez, Eduardo; Henriquez, Hernan R. Existence results for partial neutral
functional-differential equations with unbounded delay. J. Math. Anal. Appl.
221 (1998), no. 2, 452-475.

Hernéndez, Eduardo. ” Existence Result for Abstract Partial Neutral differential
equations”. Preprint.

Hino, Yoshiyuki; Murakami, Satoru; Yoshizawa, Taro. Existence of almost pe-
riodic solutions of some functional-differential equations with infinite delay in a
Banach space. Téhoku Math. J. (2) 49 (1997), no. 1, 133-147.

Kartsatos, Athanassios G.; Parrott, Mary E. The weak solution of a functional-
differential equation in a general Banach space. J. Differential Equations 75
(1988), no. 2, 290-302.

Krein, S. G. Linear differential equations in Banach space. Translated from the
Russian by J. M. Danskin. Translations of Mathematical Monographs, Vol. 29.
American Mathematical Society, Providence, R.I., 1971.

L. Nachbin, Introduction to functional Analysis: Banach Space and Differential
Calculus. Marcel Dekker, New York, 1981.

Parrott, Mary E. Linearized stability and irreducibility for a functional-
differential equation. SIAM J. Math. Anal. 23 (1992), no. 3, 649-661.

Pazy, A. Semigroups of linear operators and applications to partial differen-
tial equations. Applied Mathematical Sciences, 44. Springer-Verlag, New York-
Berlin, 1983.

Travis, C. C.; Webb, G. F. Existence and stability for partial functional differ-
ential equations. Trans. Amer. Math. Soc. 200 (1974), 395-418.

18



[TRW2] Travis, C. C.; Webb, G. F. Second order differential equations in Banach space.
Nonlinear equations in abstract spaces (Proc. Internat. Sympos., Univ. Texas,
Arlington, Tex., 1977), pp. 331-361, Academic Press, New York, 1978.

[WD]  Wiener, J.; Debnath, L. The Fourier method for partial differential equations
with piecewise continuous delay. Oscillation and dynamics in delay equations
(San Francisco, CA, 1991), 241-263, Contemp. Math., 129, Amer. Math. Soc.,
Providence, RI, 1992.

Eduardo Hernandez M.

Departamento de Matematica

Instituto de Ciéncias Matematicas e de computacgao.
Universidade de Sao Paulo-Campus de Sao Carlos.
Caixa Postal 668

13560-970 Sao Carlos, SP. Brazil
lalohm@icme.sc.usp.br

19



095/2000

094/2000

093/2000

092/2000

091/2000

090/2000

089/2000

088/2000

087/99

086/99

NOTAS DO ICMC

SERIE MATEMATICA

PEREZ, V.H.J. — Weighted homogeneous map germs from C* to C* and polar
multiplicities.

CARVALHO, A.N.; CHOLEWA, J.W. — Attractors for strongly damped
wave equations with critical nonlinearities.

GARCIA, R.; GUTIERREZ, C. — Ovaloids of R® and their umbilics: a
differential equations approach.

GUTIERREZ, C. - On C " closing for flows on 2 — manifolds.

RUAS, M.A. S.; TOMAZELLA, J.N. — Topological triviality of families of
functions on analytic varieties.

MENEGATTO, V.A.; PERON, A.P. — A complex approach to strict positive
definiteness on spheres.

AUSINA. C.B.: FUKULT.; SAIA, M.J. — Newton filtrations graded algebras
and codimension of non-degenerate ideals.

NASCIMENTO, A.S. ; CREMA, J. — A necessary condition for formation of
internal transition layer in a reaction-difusion system.

PEREZ, V.H.J. — Polar multiplicities and equisingularity of maps germs from
Clto C.

BRUCE, J.W.; TARI, F. — Families of surfaces in IR =



