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Resumo

Neste artigo estudamos a existéncia de solucoes fracas e regulares para um tipo de
equacio diferencial do tipo neutro que pode ser modelada como a equagao abstrata
%(w(t) + g(t,z(t)) = Az(t) + f(t,z(t)), onde A é o gerador infinitesimal de um
semigrupo fortemente continuo de operadores lineares num espago de Banach X e
f, g sao fungoes apropriadas.



Existence Results for Partial Neutral Differential
Equations.

Eduardo Herndndez M.

AMS-Subject Classification: Primary 35F25, 34K40.

Keywords: Banach spaces, semigroup of linear operators, abstract differential equations,
fractional powers of closed operators, regular solutions.

Abstract

We prove the existence of mild and regular solutions for a class of quasi-linear
abstract partial neutral differential equation that can to be modelled in the form
L (z(t) +g(t,z(t)) = Az(t) + f(t,z(t)), where A is the infinitesimal generator of an
analytic semigroup of bounded linear operators defined on a Banach space X and
f, g are appropriate continuous functions.

1 Introduction

The class of equations considered in this paper have the form

%(u(t)+g(t,u(t)) = Au(t) + £t u(?), t>0, (1)

u(0) = up. 2)

We consider system (1) as a Cauchy problem on a Banach space X, where A is the
infinitesimal generator of an analytic semigroup (7'(¢))i0, f,9 : [0,T] x @ — X are
appropriate continuous functions and (2 is an open subset of X. The equation (1) will be
called ” Abstract Neutral Differential Equation”.

The case g = 0 has an extensive literature. The books of Pazy [4], Krein {3], Goldstein
[1] and the references contained therein, give a good account of the more important results.

Throughout this paper X will be a Banach space provided with norm || - || and the
operator A : D(A) C X — X will be the infinitesimal generator of an analytic semigroup
of bounded linear operators (7'(t));>0 on X. For the theory of strongly continuous semi-
groups, refer to [4] and [1]. We mention here only some notations and properties essential
to our purpose. In particular, it is well known that there exist M > 1 and a real number

w such that i
| T(t) ||I< Me™, t>0. (3)



In what follows we assume that || 7'(¢) || is uniformly bounded by a positive constant M
and that 0 € p(A). In that case it is possible to define the fractional power (—A)%, for
0 < a < 1, as a closed linear operator with domain D((—A)®). Furthermore, the subspace

D((—A)?) is dense in X and the expression
|z lla=ll (-4)% |

defines a norm on D((—A)%). Hereafter we represent by X, the space D((—A)*) endowed
with the norm || - |lo- The following properties are well known ( see [4]):

Lemma 1 If the above conditions hold:
1. Let 0<a<1. Then X, is a Banach space.

2. If 0< B < athen X, = Xp is continuous and compact if the resolvent operator
of A is compact.

3. For every constant a > 0, there exists Cy > 0 such that
| (=A)° ()Il_ta, 0<t<a.

4. For every a > 0 there exists a positive constant C, such that

1 (T(t) = D(=A)™ [I< Cot?, 0<t<a

It is natural to consider the solutions of (1) in a generalized since A is un bounded.
Then by analogy with the abstract Cauchy problem

u(t) = Au(t) + h(t)
(4)
u(0) = uo,

we adopt the following definitions:

Definition 1 A function z € C([0,T] : X) is a mild solution of the abstract neutral
Cauchy problem (1) if: z(0) = zo; for each 0 < t < T the function AT (t — s)g(s,z(s)),
s € [0,t), is integrable and

z(t) = T(t)(zo+ 9(0,20)) — g(t, z(t +/ T(t—s)g(s,z(s))ds

+ /Ot Tt — )f(s,2(s))ds
for every t € [0, 7).

Definition 2 A function z € C([0,T) : X) is a classical solution of the abstract Cauchy
problem (1) if: z(0) = zy; x(t) € D(A) for all t € (0,T); & is continuous in (0,T) and

z(-) satisfies equation (1) in (0,T).



Definition 3 A function z € C([0,T) : X) is an N-classical solution of the abstract
Cauchy problem (1) if: z(0) = zo; z(t) € D(A) for all (0,T); £(z(t) + g(t,z(t))) is
continuous in (0,T) and z(-) satisfies equation (1) in (0,T).

The paper is organized as follows. In section 2, we establish the existence of mild
solutions. In section 3 we discuss the existence of N-classical and classical solutions to the
initial value problem (1). Our results are based on the properties of analytic semigroups
and the ideas used in [4] chapter 5. Also in section 3, an application is discussed.

Throughout, we assume that X is an abstract Banach space. The terminology and
notations are those generally used in operator theory. In particular, if X, Y are Banach
spaces, we indicate by £ (X :Y) the Banach space of the bounded linear operator of X
into Y and we abbreviate to £ (X) whenever X =Y. In addition B, (z : X) will denote
the closed ball in space X with center at z and radius r.

For a bounded function £ : [0,a] — X and 0 < t < a we employ the notation

1€C) llo.g= sup{ll £(s) [I: s € [0,¢]}.

We will write simply &, for || £(-) |/, when no confusion arises.
Finally for zo € X, we will use the notation z(-, zo) for the mild solution of (1) with
113(0, CE()) = Xy.

2 Existence of mild solutions

In this section we will study the existence of mild solutions to the abstract Cauchy
problem

@) +o(ta(t) = As(t)+ ftz®), >0,
#(0) = x5

The existence of mild and regular solutions will be proved using the fixed-point tech-
nique. In particular, for the case of mild solutions, we need the following classical result:

Theorem 1 Let [ be a closed, bounded and conver subset of X. If T =S +U :I' =T
is a continuous function where S is contractive and U is completely continuous, then T
has a fized point in [.

Theorem 2 Let zyg € X and assume that the following conditions hold:

a) There exist § € (0,1) and L > 0 such that the function g is Xg-valued and satisfies
the Lipschitz condition

| (=4)Pg(t,z) — (—A) g(s,y) IS L(t=s|+z—-yl) (6)
for every 0 < s,t < T and z,y € Q, and

I (=4I L<1 (7)



b) The function f is continuous and takes bounded sets into bounded sets.
¢) The semigroup (T (t)):>0 i compact.

Then there ezists a mild solution x(-,zo) of the abstract Cauchy problem (1) defined
in [0,7] for some 0 <r < T.

Proof. Given that (—A)?g and f are continuous functions and 2 is open, we can assert
that there exist 0 < r; < T and 0 < p, such that || (—=4)Pg(¢,z) ||< Cy and || f(t,2) ||< C,
for a certain constant C; > 0 and every 0 <t < r; and z € B,(z9, X) C Q.

Let 0 < r < r; and € > 0 such that

e+ || (=4 | Lp<p (8)

| (T®) = Do - 9(0,20) lI< 3 (9)
Tﬁ €

Cl—ﬂCIF = (10)

ey < 3 (1)

| (=4) || L+ Cl_ﬁ%ﬁL <1 (12)

where Cpg and C_g are the constants in lemma (1). In the set

S(r,p) := {u € C([0,7]; X) : u(0) = o, || u(t) —zo [|<p, 0<t<7}
we define the mapping ¥ by the expression:

U(z)(t) = T(t)(zo + 9(0,z0)) — g(t,2()) + Jo (AT (t - 5)g(s, z(s))ds

(13)
- fot T(t—s)f(s,z(s))ds

for z € S(r,p) and 0 < ¢t < r. The mapping ¥, may be decomposed as ¥ = ¥, + ¥,,
where

W@)(t) = T()(ro+9(0,50) ~ olt, (1) + [ (~AIT( - S)gls, o(s))ds
Uy(z)(t) = /Ol T(t—s)f(s,z(s))ds.

Next we will prove that ¥, and ¥y are well defined in C([0,7]; X), that ¥, satisfies a
Lipschitz condition, that ¥, is a compact operator, and that the range of ¥ is contained
in S(r, p).

It is clear from the continuity of f that ¥, is well defined and that ¥, (u) is a continuous
function for all u € C([0,7] : X). On the other hand, since T'(-) is analytic, the function
s — AT(t — s) is continuous in the uniform operator topology in [0,?), consequently the
function AT (t — s)g(s,z(s)) is continuous in [0,t). Moreover from lemma (1) we have:

| (=407 - ) =APo(s,5(5) IS T bis



which implies that || (=A)T(t — s)g(s,z(s)) || is integrable in [0,t). We thus conclude
that ¥, is also well defined and with values in C([0, 7] : X).
In order to prove that the range of W is included in S(r, p) we observe that for z €

S(r, p),
| 2@)@) 2o |l < I (TE) = D)@o — 9(0,70)) ||+ 1| 90, 20) — g(t,5(2)) |
+ [ 1 (AT~ (=AY (s, 2(5)) | ds

Ci1-5C
< ST IL 0= ote) |+ [ GApds
< §+u<—Arﬁan+chanﬁ-
2
< S+ Lp.

Hence

2¢e
I 01(2)() = 2o 1< T+ 11 (=4)° || Lp. (14)
Similarly for the operator ¥, we have
~ €
| a(@)(2) 1< MCrr < 5. (15)

From the inequalities (14) and (15), clearly ¥(S(r, p)) C S(r, p).
To prove that U, satisfies Lipschitz condition we take z(-) and y(-) in S(r, p). Then

for all ¢ € [0, 7]

1 (2)(t) = @) | < 19t z(8) — gt y(@) |l

.[GgﬁéﬁM—m%@w@D—GAVA&M@WdS

< A L at) - vt | +Cuogl [ 152 g,

B
< (H=A7PL+ Cl—ﬂEL) 2=y llos -
Therefore, from the choice of r, there exists 0 < 8§ < 1 such that

| 2(z) = L2 (y) los) < Ol 2=y llos -

On the other hand, a classical argument proves that the operator ¥, is compact. We

omit this part of the proof.
The preceding remarks prove that the operator ¥ satisfies the condition in Theorem

(1). Clearly an fixed point of ¥ is a mild solution of the neutral system (1). This completes
the proof.

The next theorem is a classical result, the proof is standard and we will consider here
only the principal ideas.



Theorem 3 Let 2o € X and assume that the following conditions hold:

a) There ezist B € (0,1) and L > 0 such that the function g is Xg-valued and satisfies
the Lipschitz condition

I (=4)%g(t,z) = (A g(s,9) IS L(|t=s |+l z=y|l) (16)
for every 0 < s,t < T and z,y € Q) and

(=4I L<1. (17)

b) The function f is continuous and there exists N > 0 such that

| f@t,z) = fls,y) ISN(|t=s|+[z-yll) (18)
for every 0 < s,t < T and z,y € Q.

Then there ezists a unique mild solution z(-,xo) of the abstract Cauchy problem (1)
defined in [0,7] for some 0 <r <T.

Proof. With the notations used in the proof of Theorem (2), for u, v € C([0,T] : X)
and t € [0, T,

1 2@ - ¥ O | < ol () - ol v(e) |

+ [ o | AV 0o, u(s) — (— ) a5, 9(5)) I ds
T [ 75,0()) = f(5,0(5)) | ds

< 1A I (-APg ) ~ (-4 g(t,v(e) |

B
+(Cuog G L+ VY | = log
B -
< (N I L+ Cupg L+ BN u=vl.
Then for 0 < r < T
rh ~
I 9(0) = ¥0) llon< (I (=4 | L1 +Coms s+ N u=vllon - (19)

The last inequality implies that for 0 < r < T sufficiently small ¥ is a contraction
mapping, since || (—A4)7? || L < 1, which in turn implies that there exists a unique mild

solution of (1) in C([0,7] : X).

Remark 1 Clearly the assertions in Theorem (8) remain true if the assumptions on f
and g are substituted by locally Lipschitz conditions, in particular if (—A)PF and G are
continuously differentiable in [0,T] x 2.



3 Regular Solutions

In this section we establish the existence of regular solution to the abstract Cauchy
problem (4). The existence of N-classical and classical solutions, requires some additional
regularity conditions on the functions g, f.

Assumption(f, g) : There exist 0 < @ < # < 1 and an open set 2, C X, such that
the functions f, (—A)?g are continuous in [0, 7] x €, and

e There exist L > 0 and 0 < v < 1 such that for every (¢,z), (s,z2) € [0,T] x Q4
I (=A4)g(t,z1) = (=A4)g(s,22) | < L{lt—s["+ || 21 — 22 lla},

[ f(t o) = fls,z) (| < L{lt=s|"+ || 21 — 22 [la},

Ll (=47 < L

Theorem 4 Assume that the Neutral system (1) satisfies the Assumption(f,g), that g
is a D(A)-valued continuous function and that 1 — 8 < Min{8 — a,v}. Then for every
T € Qq there exists a unique N-classical solution z(-) € C([0,7]: X) for some0 <r < T.

Proof. Let 0 <7, < T and ¢ > 0 such that
V={(t,z) €[0,m] x Xo: || (—A)% — (—=A)%z [|[< 6} C [0,T] x Qp. (20)

Assuming that the functions f, (—A)?g are bounded in V by C; > 0, we choice 0 < r <,
such that:

| @) = D(-47z lpns T2, (21)
I (0 = 1)(=4)9(0,70) o< 22, (22)
B—a l—a 1 = B
g_ ~Ciprald + 7—(CalNs + CaCy) < ( 6“) , (23)
rh-a il -
I (=40°2 [ L7+ CipraCig—s + CaCif— < S22 (24)
,rﬁ—a 7.l—cx
L01_5+QE+CQL1_O[ <1l-y, (25)
where p =|| (=A4)*=? || L. On the space C([0,r] : X'), we define the operator
U(y)(t) =T(t)(=A4)"(zo + 9(0,20)) — (=A)%g(¢, (—A)y(t))
+ J{(=A)B+eT (¢ — 5)(—A)Py(s, (—A)™°y(s))ds (26)

+ [H(=A)T(t - 5)f(s, (=A)"®y(s))ds.

~



The same arguments used in the proof of Theorem 2, show that ¥ is well defined on
Y = C([0,7] : X). We will prove that the operator VU is a contraction in

S={yeY :y(0) =(-4)z0, || y(t) - (-4)"z0 <6, t €[0,r]}.
Firstly we prove that the range of ¥ is contained in S. Let y € S. Then for ¢ € [0, 7],

12 (y) () — (=A) % |

< (@) - D(=A)0 || + || (T(t) = I)(~A)*9(0, 20) |

1 (~A)29(0, 20) — (~A)g(t, (—A) "y (1)) |

v / tf‘s ‘i*;ﬂ, | (—4Vg(s, (—4)=y(s)) I s

5, (= A)y(s)) || ds
< M+ | (= A | L+ || w(t) — (—A)°zo [}
L (71 0(71 ¢ (ja(jl

+/ t—5+1 B+a +/0 (t—s)o‘ds

< 2(_6u_)6+ || ( )01 B H L{T7+(5} +C1 ﬂ+aclﬂﬂ—a +C Cl -

From the choice of 7 we can conclude that
| U(y) — (=A4)%zo ;<6

so that, ¥(y) € S.
On the other hand for z(-),y(-) € S and t € [0, 7],

¥ (y)(#) — T(z)(@) |

IN

| (=409t (~A)*y(t) - (~A)°g(t, (~A)(®) |
+ [} G | (— 4P (s, (= )w() — (~AV (s, (—4)(s) | ds

1 ﬂ+a

+f (tfs)a I £(5, (—4)"y(5)) = (s, (~A)(s)) || ds

N %
_ a-f _ 1-B+a _
< NEAPNLIy0 -0 1+ || oot L v == . ds
+/ L]Iy z || ds.
Then
rb-a rl-a
12@) = () < (LI (=A)N +LC-prag—p + Calg—) N7~y I



The last estimate and the choice of b imply that ¥ is a contraction mapping in S. Let y(-)
be the only fixed point of the operator ¥ in S. We affirm that y(-) is Hélder continuous.
In fact, let ¥ < Min{l —a, S —a} with 9+ > 1, and C > 0 be the constant guaranteed

in lemma (1), such that forall0 < s<t< T and 0 < h <1

~1pd
| (@) = D-APT - 5) IS g O<s<t
and oo
| @E) = DA PTE =) IS G grams 0<3 <t

For z € [0,7) and h > 0 sufficiently small

Iy(t+h) —y(@) |l

IN

I (T(h) = D)(=A)*T(#)(z0 — 9(0,20)) |l
+ I (A PN LA+ L y(t+h) —y(@) || }

+ [ @) = D(=4) 4T — ) (-4 g5, (~4)3(s)) | ds
[T A BT+ b= ) (=AY (s, (— ) y(s)) ] ds

+ [ 1 (T(R) = I)(=A)*T(t — ) f (s, (=A)"%y(s)) || ds

" /‘“‘ ACT(t+ h — 5)f(s, (~A)~y(s)) || ds

AN

t(a+,, I 2o = 9(0,0) [ h” + L[| (=A)* || {h"+ || y(t + ) —y(t) || }

/t CC,h? _ /Hh CiC1_g+a d
0 (t_s)l—ﬁ+a+19 5 ¢ (t_s)l—ﬂ+a 8

/t CC1h? /t+h .05
0o ( t

t— s)ot? i (t —s)e
9
Clmg)le” gf,fg)j + Coh + L || (=A4)° ([l y(t + h) = y(2) || +Csh

2O O R

ds

IA

where the constants C; are independent of ¢. If p = Min{¥, v}, the last inequality can be
rewritten in the form

Cla, B,0,t
late+) - v s S5 27)
since p = L || (=A)*7# ||< 1. Therefore the function y(-) is p-Holder continuous in (0, )

and p+ [ > 1.
Now it is easy to prove that s — (—A)%g(s, (—A)™*y(s)) and s = f(s, (=A)y(s))
are p-Holder continuous in (0,7). From this remark, Theorem (4.3.2) in [4] and Lemma



(2) below, we infer that the function,

z(t) = T(t)(xo+9(0,z0)) — g(t, (—A)%y(2))
t
+ [ (A)PT(E - s)(—A)Pg(s, (—A)™y(s))ds

+ /Ot T(t-s)f(s,(=A)"%y(s))ds

is Xo-valued, that the integral terms are functions in C'([0,7] : X) and that z(t) € D(A)
for all t € (0,7). Operating on z(-) with (—A)®, we conclude that (—A)™®y = z and
hence that z(t) + g(¢, z(t)) is a C* function in (0,b). This completes the proof.

Lemma 2 Let 0 < 8 < 1 and g € C([0,T] : X1_5). Assume that g : [0,T) = X 1is
6-Holder continuous in (0,T) with B+ 6 > 1. If y: [0,T] — X is defined by

y(0) = [ (~4)'PT(t - 5)g(s)ds

0
then y(t) € D(A) for every t € [0,T) and y € C((0,T) : X).

Proof. The proof is entirely analogous to the proof of Theorem (2.4.1) in [1], we include
only the principal ideas. For ¢ € [0,T) we rewrite y(¢) in the form

[ AT - 5)(0(s) = gle)ds + [ (=) T~ 9)g(t)ds = v(t) +w(r).  (28)

Clearly, Aw(t) = T(t)(—=A)'7Pg(t) — (=A)'Fg(t) € C([0,T] : X). Now for ¢ > 0 suffi-
ciently small we define the function

Jo (AT (t — s)(g(s) — g(t))ds, for t € [¢,T),
Yelt) = (29)
0 for ¢t € [0, €].
It is clear that v.(t) € D(A). Moreover for 0 < §; < 9
t—6, "
| Av(®) = Avs, () | < [ 1 (AT = 5)(o(s) — (0) | ds
=0 Cap 0
. =
[—(52 (t _ 8)2—[3'8 l ds
< Cop(@ ™7 =077, (30)
The last inequality proves that A(vs)(¢) is convergent, S+ 6 > 1, and therefore
£ 55
AWw)(®) = [ ATPT(t = 5)(g(s) = o(t)ds, (31)

since A is a closed operator.
The continuity of A(y) is proved as in [1] and we omit more details. Finally the

assertion 0yy € C([0,T) : X) follows in the usual manner.

10



In the rest of this paper for a function j : [0,b] x X — X and h € IR we denote by
OpJ to the function
. i(t+h) — (¢
Onj(t) = i })l (t)

Moreover, if j is differentiable we will employ the following decomposition:

j(t ~f s,y) - j(t7 y) = Dlj(t7 y)s = Wl(j, t7 S, y) (32)
and
ity +uy) =3t y) = Daj(t,y) - yi + Wa(4, t,y, 1) (33)
where
W (4
I(J’tasay) 0 as S—)t,
[t—s]
Wiy, t, v,
1(.7) Y yl) O as n _)y
ly—wll

In order to prove the next theorem, we need the following technical lemma:

Lemma 3 Assume that the assumption of Theorem (8) hoids. If zg € D(A) and g is
D(A)-valued continuous then z(-) = z(-,xq) is Lipschitz on closed intervals.

Proof. We consider only the principal ideas. Let z(-,zy) be a mild solution of (1) and
assume that z(-) is defined in [0,b]. Using the continuity of Ag and f we can to assert
that Ag(s,z(s)) and f(s,z(s)) are bounded by C; > 0 in [0,b]. From the assumption
zo € D(A) for ¢t € [0,b) and h > 0 we have

Izt +h) —2(t) |

< Coh+ || g(t + h,z(t + h)) — g(t, z(t)) ||
n / Cl s | (AYg(s + by a(s + ) = (~4)°g(s, 2(5)) | ds

+ [ T(t +h=5)(=A)g(s,2(s)) || ds
3T [N 7G5+ Rzl + 1) = f(s,2(5)) 11 ds + 3 [ 1] £(s,2(s)) | ds

< Cih+ L || (=A)77 || {h+ | ot + h) — z(2) II}

+/0t(t_cl_%{|| z(s + h) — z(s) || +h}ds + MCh

+NA7[/ {h+ || z(s + h) — z(s) ||}ds + MCyh
0
so that, there exists Cy > 0. independent of ¢ € [0, 0], such that

la(t+h) =2t | < Coht || (=A) I L N2t +h) = a(t) |
+/{ ac "L 5+ NMY || 2(s +h) —2(s) || ds.

11



Then

lzt+h) —z(t) || < 10_4hu + i /ot{ (tc_l—sz;f_ﬂ + M} || 2(s + h) — z(s) || ds.

since 4 =|| (~A)~? || L < 1. Finally the assertion follows from the Gronwall Bellman
inequality.

Next we establish a different condition for the existence of classical solutions. In this
case we assume that the functions f and (—A)#g are continuously differentiable.

Theorem 5 Assume that (—A)'~Pg(-) and f(-) are continuously differentiable functions
in [0,T] x Q. If z9 € D(A), g(-) is D(A)-valued continuous and || Dag(0, 7o) |lex)< 1
then there ezists a unique classical solution of (1) defined in [0,7] for some 0 < r < T

Proof: Let z(-) = z(-, 7o) be the mild solution of the abstract Cauchy problem (1) and
z(-) the solution of the integral equation

z(t) = T(t)(Azo + £(0,20)) + h(t) + Dag(t, z(t))z(t)
v [ (= A)BT (¢ — 5)Dy(—A) g(s, (s))2(s)ds (34)

+ /Ot T (¢t — s)D2f(s,2(s))z(s)ds
with
0= A ) (35)
where
MO = Duglts(0) + [[(~4)' T~ 5)Dy (=AY (s, a()ds
+ /Ot T(t - s)D\ f(s, 2(s))ds.

The existence and uniqueness of a local solution for the integral equation (34) is a
consequence of the contraction mapping principle and the condition || Dag(0, zo) || £(x)< 1;
we omit more details. In what follows we assume that z(-) and z(-) are defined in [0, 2b]
where 0 < 2b < T and || Dag(t, 1) [|l2»< 7 < 1. Using the notations introduced previously,
for ¢ in [0, 4] and A > 0 sufficiently small we have

z(t + h) — z(t)
h

§(t, h) = —2(8) |

< | T(t)(%—{zo) A [+ 1+ / T+ 5) [ (s, 5(s))ds — T()£(0,20) |

+ || T(t)(T(l) 9(0, zo) h/ VAT (t+ h—s)(- —A)Pg(s,z(s))ds ||
+ ” DQQ(t’w(t)) ( ) ) “ + ” Dlg(tar(t +h) Dlg(tvl‘(t)) ||

D"

12



Wal(g, t,z(t), z(t + h) 1+ Wi(g,t,t + h,z(t + h) I
h h

+/ Cl ﬂ — | Di(- A)g(s,x(s + h)) — Di(—A)’g(s,z(s)) || ds

+l

M / Clﬁ 5 || Da(=A)Pg(s,2(s))E(s, h) || ds

/t Cl—ﬁ ” Wl((_A) g, 8,8+h,.’L‘(8+h)) “ ds
0o (t—s)-8 h

01 Wa((—A4)Pg, s, x(s), z(s + h))
+/ i h I ds

+/0 M| le(s,x(s + 1)) = D1 f(s,2(s)) || ds

+ /O‘M I D2f (s, 2())é(t, ) || ds

— ot WS, s, 5+ h, (s +h ot Walf, s, z(s), z(s + b
+M/O ” 1(fss+h z(s+ h)) ||d3+M/O I g(fsx(z) z(s + h)) | ds.

On the other hand, from lemma (3), we know that z(-) is Lipschitz. Therefore,

Wa((=A)g,s,2(s), z(s + h)) || z(s+h) —z(s) |

T2+ h) —2(3) | h 20 esh=d

and
Wa(f, s, z(s),z(s + h) || z(s+h)—a(s) ||

| z(s + h) —z(s) || h
This enables us to rewrite the last inequality in the form,

FE@R) I < p(t, h)+ || Dag(t,z(2)) Illl £(2, A) ||

# [ S DAYt 2(5) s, 1 s

481 [ Daf(s, () 1 5, ) | ds

-0 as h — 0.

where
p(t,h) — 0 as h — 0.

From this inequality and the choice of b, it follows that,

1 1 t Ci-p
leeh | < Topleh)+ 1 [ -4V, 2(6) Il €Gs, ) 1 s

1 - rt
=0 [ 3uf(5,2(5) ] €5, | ds.

Finally, the Gronwall Bellman inequality shows that £(¢,h) — 0 as h — 0. This proves
that (-, z9) = 2(-) and completes this proof.

13



Example 1

We conclude this section with an application of the results of this work. In the space
X = L*([0,7]) we consider the operator Az := z" with domain

D(A)={z € X :2" € X,2(0) = z(r) = 0}.

The operator A is the infinitesimal generator of a strongly continuous semigroup (T'(-))e>0;
moreover the semigroup is compact, analytic and self-adjoint. The spectrum of A is
discrete, the eigenvalues are —n? n € IN with eigenvectors z,(£) = (%)% sin(n€) and the
following properties hold:

1. {2z, : n € IN} is an orthonormal base of X.
2. Forr e X, A(z) = — £, n¥(z, 2,) 2.
3. Forz e X, T(t)z = X2, e™™*(x, 2,) zn.

4. For0<p<landze€X, (—A4)z =32, n%*(z,2,)z, and

D((~4) = {z € X : 3" n*(z, 2)? < o0},

n=1
5. Forz € X, (—A)iz = Y e T 25 ) s
6. For f € X, (—A)"72 = T2, L(z,2,)2, and || (=A)~% ||= 1.

Let a: I = [0, 7] x [0, 7] — IR be a sufficiently regular function with a(0,-) = a(w, ")
0. Now we define the operator A : [0,7] x X — X by the expression

A1) = [ alt, )p(s)ds. (36)

Clearly A is a bounded linear operator in X. A simple calculation proves that for
T (7 d%alt,s).,
——— ) dsdt < o0,
fy [ (st < oo

sufficiently small, the range of A is contained in D(—A) and || AA ||< 1.
Let f:[0,T) x X = X be continuously differentiable. The existence of a mild and

N-classical solutions for the abstract Cauchy problem

St + AW®) = Aul®) + £(t,u(t), t>0,
(37)

u(0) = ug,

follows from Theorem (2) or Theorem (3) and Theorem (5) respectively.
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